We show that properly and cocompactly cubulated relatively hyperbolic groups are virtually special, provided the peripheral subgroups are virtually special in a way that is compatible with the cubulation. This extends Agol's result for cubulated hyperbolic groups, and applies to a wide range of peripheral subgroups. In particular, we deduce virtual specialness for properly and cocompactly cubulated groups that are hyperbolic relative to virtually abelian groups. As another consequence, by using a theorem of Martin and Steenbock we obtain virtual specialness for groups obtained as a quotient of a free product of finitely many virtually compact special groups by a finite set of relators satisfying the classical C 1 p1{6q-small cancellation condition.
Introduction
CATp0q cube complexes were introduced by Gromov in his seminal paper [19] as examples of singular metric spaces with non-positive curvature. This notion has played a prominent role in the last decades, and has shown to have important connections with other aspects of topology and group theory. In particular, the class of special cube complexes introduced by Haglund and Wise [20, 21] was key to Agol's proof of the Virtually Haken Conjecture, a result which turned out to be a consequence of the following property of cubulated hyperbolic groups [1, Thm. 1.1]: Theorem 1.1 (Agol) . Let G be a hyperbolic group acting properly and cocompactly on a CATp0q cube complex X. Then G has a finite index subgroup G 1 acting freely on X such that X{G 1 is special.
For a good exposition about this result see [2, 35] . Virtually special groups have finite index subgroups embedding nicely into right-angled Artin groups, and so they inherit some of their properties, mainly in terms of subgroup separability. In particular, hyperbolic groups satisfying Theorem 1.1 are residually finite, large, linear over Z, and their quasiconvex subgroups are separable (in fact they are virtual retracts) [20] .
The assumption of hyperbolicity in Theorem 1.1 is in some sense necessary, since there are examples of infinite simple groups acting properly and cocompactly on products of trees [8] . The goal of this manuscript is to extend Agol's result to relatively hyperbolic groups, but for that we need to restrict our class of peripheral subgroups since any countable group is hyperbolic relative of the peripheral structure consisting of only the whole group. The following is the main result of the paper. Theorem 1.2 (Main Theorem). Let G be a group acting properly and cocompactly on the CATp0q cube complex X, and suppose G is hyperbolic relative to compatible virtually special subgroups. Then there exists a finite index subgroup G 1 ă G acting freely on X such that X{G 1 is a special cube complex.
The formal definition of compatible virtually special peripheral subgroups is given in Subsection 2.4, and it essentially means that if P ă G is a peripheral subgroup, then there exists some Pinvariant convex subcomplex Z Ă X, and there is a finite index subgroup P 1 ă P such that Z{P 1 for relatively hyperbolic groups in CMVH. All these results will be used in Section 4 to prove Theorem 1.9. The rest of the paper consists in proving Theorem 1.10, by adapting Agol's proof that cubulated hyperbolic groups are in QVH. In section 5 we construct a quotient cube complex X for X with finite embedded walls, which will be used to model the desired hierarchy. We color the walls of X in Section 6, and in Section 7 we use this coloring to start the construction of the cubical polyhedra, an inductively defined collection of (disconnected) cube complexes with boundary walls that codify the description of pG, Xq as a cubulated group in CMVH. We study these cubical polyhedra in more detail in Section 8, and conclude the proof of Theorem 1.10 in Section 9, where we show how to perform the inductive construction. An appendix is included at the end of the article, in which we prove Proposition 2.24 by showing that double cosets of convex subgroups of virtually compact special groups are separable. This is done by studying the functoriality of the canonical completion.
Preliminaries
We start by introducing the main concepts and notation about relative hyperbolicity, CATp0q cube complexes and special cube complexes, which will be used in the paper. We expect the reader to be familiar with hyperbolic groups [19] and CATp0q metric spaces [7] .
2.1. Relatively hyperbolic groups. There are several equivalent definitions for relatively hyperbolic groups [22] , some of them valid for arbitrary countable groups. For convenience we will restrict to the finitely generated case and introduce relative hyperbolicity in terms of cusped spaces, which will be useful in Section 3. See [16] or [1, Appendix A] for more details about cusped spaces associated to relatively hyperbolic groups.
Let G be a group generated by a finite symmetric set S, and let P " tP 1 , . . . , P n u be a finite collection of subgroups of G such that S X P i generates P i for every i.
For each P P P, let S 0 " S X P z t1u, and for n ą 0 let S n :" S n´1 Y ts 1 s 2 ‰ 1 : s 1 , s 2 P S n´1 u. Given a left coset gP with g P G, define the 1-complex HpgP q as the vertex set HpgP q p0q " gPˆZ ě0 and edges given by:
(1) (vertical) If pv, nq P HpgP q p0q , then an edge joins pv, nq and pv, n`1q.
(2) (horizontal) If pv, nq P HpgP q p0q and s P S n , there is an edge from pv, nq to pvs, nq (so that if for instance s has order 2, then there are two different edges between pv, nq and pvs, nq).
Note that there is a natural way to glue HpgP q and the Caley graph ΓpG, Sq along gP " gPˆt0u.
Definition 2.1. The cusped space XpG, P, Sq is obtained from ΓpG, Sq by gluing all the complexes HpgP q for g P G and P P P in the previously mentioned way. The group G is then hyperbolic relative to P if the cusped space XpG, P, Sq is Gromov hyperbolic [1, Rmk. A.13] . In that case we say that P is a peripheral structure on G.
Remark 2.2. With the definition of cusped space given above, the natural isometric action of G on XpG, P, Sq is free, and the distance function on vertices coincides with the one constructed in [16] . Therefore, the coarse geometry is unchanged, and the classical results about cusped spaces also hold for this slightly different construction (see [1, Rmk. A.13] ).
If pG, Pq is relatively hyperbolic, then a parabolic subgroup will be any subgroup of G that can be conjugated into a member of P, and a maximal parabolic subgroup will be called peripheral subgroup. An element of G is loxodromic if it has infinite order and the group it generates is not parabolic. By the classification of the isometries of Gromov hyperbolic spaces, an infinite subgroup of G is non-parabolic if and only if it contains a loxodromic element.
A horoball of XpG, P, Sq is a full subgraph on the vertices gPˆZ ěR for some R ě 0 and some left coset gP with P P P. Note that peripheral subgroups correspond to stabilizers in G of horoballs.
2.2. Relative Quasiconvexity. Let H ă G be a finitely generated subgroup of a relatively hyperbolic group pG, Pq with cusped space X " XpG, P, Sq, and suppose there exists a finite set D of representatives for H-conjugacy classes of the infinite groups of the form H X P g with g P G and P P P. Given D P D, there is a a unique P D P P and some c D P G of shortest word-length so that D " H X P cD D . Also, assume that each group in D is finitely generated, and let X H be a combinatorial cusped space for the pair pH, Dq with respect to some compatible generating set of H. We extend the inclusion ι : H ãÑ G to an H-equivariant Lipschitz mapι : X p0q H Ñ X as follows: a vertex in a horoball of X H is a tuple psD, h, nq with s P H, D P D, h P sD and n P Z ě0 , so define its image byιpsD, h, nq :" psc D P D , hc D , nq. H q Ă X is λ-quasiconvex for some λ, which will be called a quasiconvexity constant for pH, Dq in pG, Pq. Sometimes we will omit the peripheral structures and simply say that H is relatively quasiconvex in G.
As noted in [18, Def. 2.9] , this definition is equivalent to other notions of relative quasiconvexity existing in literature, at least in the finitely generated case [22] . In particular, if H ă G is relatively quasiconvex, then the collection D defined above makes pH, Dq into a relatively hyperbolic group [22, Thm. 9 .1], and we call D an induced relatively hyperbolic structure (or peripheral structure) on H.
The characterization of relative quasiconvexity given above will be helpful in Section 3, while for the rest of the paper we will use the criterion stated below. A subgroup H ă G of a finitely generated group G is undistorted if it is finitely generated and the inclusion map H ãÑ G is a quasiisometric embedding with respect to some (hence any) choice of finite sets of generators for H and G. Hruska proved the following criterion for relative quasiconvexity valid for finitely generated relatively hyperbolic groups [22, Thm. 1.5] .
Theorem 2.4 (Hruska) . If H ă G is an undistorted subgroup, then H is relatively quasiconvex in pG, Pq with respect to any possible peripheral structure P on G.
An important class of relatively quasiconvex subgroups is given by those which are full, and in a sense this is the correct generalization to quasiconvex subgroups of hyperbolic groups. Definition 2.5. A relatively quasiconvex subgroup H ă G of a relatively hyperbolic group pG, Pq is fully relatively quasiconvex if for any peripheral subgroup P of G, the group H X P is either finite or finite index in P .
Cube complexes and cubulated groups.
A cube complex is a metric polyhedral complex in which all polyhedra are unit length Euclidean cubes. Such a complex is non-positively curved (NPC) if its universal cover is a CATp0q metric space when endowed with the induced length distance. There is a combinatorial description of this property, due to Gromov [7, 7, Thm. II.5.2] . Proposition 2.6. A cube complex X is NPC if and only if the link of each vertex is a flag complex.
Recall that the link of a vertex v is the complex Lk X pvq with vertices the edges of X incident at v, and in which n such edges are the 1-skeleton of an pn´1q-face in Lk X pvq if and only if they are incident to a common n-cell at v. Also, a flag simplicial complex is a complex determined by its 1-skeleton: for every complete subgraph of the 1-skeleton there is a simplex with 1-skeleton equal to that subgraph. For more references about the geometry of NPC cube complexes see [7, 33] .
An n-cube C " r0, 1s n Ă R n has n-midcubes obtained by setting one coordinate to 1{2. Since the face of a midcube of C is the midcube of a face of C, the set of midcubes of a cube complex X has a cube complex structure, called the wall complex. A wall of X is a connected component of the wall complex. When X is a CATp0q cube complex any wall W is 2-sided and embeds as a convex subspace, so we will not make distinction between a wall and its embedded image. Also, the complement of a wall in X has exactly two connected components, whose closures are called half-spaces of X. Since walls are convex subcomplexes of the cubical barycentric subdivision of X, they are CATp0q cube complexes as well. For an edge e in the cube complex X, let W peq denote the unique wall it intersects, and say that e is dual to W peq.
We are interested in group actions on CATp0q cube complexes. Definition 2.7. Suppose G is a group acting properly and cocompactly by cubical isometries on the CATp0q cube complex X with CATp0q distance d. In that case we say that pG, Xq is a cubulated group, and that X is a cubulation of G.
Remark 2.8. Although in this paper we will restrict to proper and cocompact actions, when G is relatively hyperbolic we can consider cubulations that are non necessarily cocompact, but cosparse [23, 34] . Also, there has been some progress in understanding non-proper actions of hyperbolic groups [17] . Recently, Einstein and Groves introduced relatively geometric cubulations of relatively hyperbolic groups [12] .
If pG, Xq is a cubulated group, then X is finite-dimensional, locally finite, and G is finitely generated and quasi-isometric to X [35, Prop. 4.2] . Cocompactness and properness also imply the following lemma (cf. [1, p1052] ): Lemma 2.9. If pG, Xq is a cubulated group, then:
(1) There are only finitely many conjugacy classes of torsion elements in G.
(2) If Y Ă X is a closed subset and H ă G preserves Y and acts cocompactly on it, then for any R ą 0 the set of double cosets Definition 2.10. If pG, Xq is a cubulated group, we say that a subgroup H ă G is convex in pG, Xq if it acts cocompactly on a convex subcomplex Z Ă X. Such a subcomplex Z will be called a convex core for H. Definition 2.11. If Y is a NPC cube complex and S Ă Y is any subset, then the cubical neighborhood of S is the subcomplex N pSq Ă Y consisting of the cubes of Y intersecting S.
If pG, Xq is a cubulated group and W is a wall of X, then N pW q is a convex subcomplex of X [20, Lem. 13.4] , and hence it is a convex core for G W . If in addition G is relatively hyperbolic, and since G quasi-isometric to X, by Theorem 2.4 every convex subgroup of G is relatively quasiconvex. As a partial converse, Sageev and Wise proved the following [34, Thm. 1.1]: Theorem 2.12 (Sageev-Wise) . If pG, Xq is a cubulated group with G relatively hyperbolic and H ă G is fully relatively quasiconvex, then for any compact subset B Ă X there exists a convex core Z Ă X for H that contains B. In particular, any peripheral subgroup of G is convex.
Remark 2.13. When pG, Xq is cubulated with G relatively hyperbolic and P ă G is a peripheral subgroup with convex core Z Ă X, then for any wall W Ă X with W X Z ‰ H we have P W XZ " P X G W . The inclusion P X G W Ă P W XZ is evident, and if e is an edge of Z dual to W , then e is also dual to the wall W X Z of Z. Therefore, for any g X P with gpW X Zq " W X Z, the edge ge is dual to W X Z Ă W , and hence gW " gW peq " W pgeq " W , implying P W XZ " P X G W .
From the previous remark we see that the intersection of a peripheral subgroup with a wall stabilizer is a convex subgroup. In general, we have the following lemma:
Since X p0q is a proper metric space with the combinatorial distance and G acts properly on X p0q , it can be proven that for any K ě 0 there exists some L " LpKq such that
with N r pSq denoting the combinatorial r-neighborhood of S Ă X p0q (cf. [29, Lem. 4.2] ). In particular we have
implying that H 1 X H 2 acts cocompactly on Y 1 X Y 2 by the local finiteness of X.
The lemma above requires two convex cores to intersect, which can be always assumed after enlarging the convex cores. Lemma 2.15. If pG, Xq is a cubulated group and H ă pG, Xq is a convex subgroup, then for any compact set B Ă X there is a convex core Y Ă X for H such that B Ă Y . In addition, for any two convex cores Y 1 , Y 2 Ă X for the subgroup H, there exists a third convex core Y 3 Ă X containing both Y 1 and Y 2 .
Proof. Let Y 1 be any convex core for H. Since X is finite-dimensional, by [20, Lem. 13.15 ] the iterated cubical neighborhoods N k pY 1 q " N pN k´1 pY 1are convex cores for H for all k ě 1, and we can choose k such that Y :" N k pY 1 q contains B. The second statement follows by considering a compact set B i Ă Y i such that H¨B i Ă Y i for each i " 1, 2, and then finding a convex core
We need one more result, which is key in the proof of Proposition 8.12. We use the notation rp, qs for the geodesic segment joining the points p and q. Proposition 2.16. If pG, Pq is relatively hyperbolic and cubulated by X, then there exists some δ ě 0 such that if h P G is loxodromic and preserves two axes γ 1 , γ 2 Ă X, then dpγ 1 , γ 2 q ď δ.
Proof. Let x P X be a base-point. The map G µ Ý Ñ X, g Þ Ñ gx is a quasi-isometry, so there exists some δ 1 ě 0 such that for any geodesic triangle ∆ Ă X with vertices a, b, c there is some peripheral left coset Q ∆ " g ∆ P ∆ with g ∆ P G and P ∆ P P , such that for any point p P ∆, either:
(i) p lies in the δ 1 -neighborhood of the union of the sides of ∆ not containing p, or (ii) p P N δ 1 pQ ∆¨x q (see e.g. [34, Thm. 4.1 & Prop. 4.2] or [10, Sec. 8.1.3] ). In addition, for such a δ 1 there exists some λ ě 0 so that if gP and g 1 P 1 are distinct peripheral left cosets, then
where N R pM q denotes the R-neighborhood of M , see [11, 10, Cor. 2.3] .
Let δ :" 4δ 1 , and suppose by contradiction that h P G is loxodromic and preserves two axes γ 1 , γ 2 Ă X with r " dpγ 1 , γ 2 q ą δ. We claim that there is some peripheral left coset gP such that
By [7, II.2.13] , γ 1 and γ 2 are asymptotic and bound a flat strip isometric to Rˆr0, rs. Let a P γ 1 , and let b be its closest point projection into γ 2 . Choose an isometry α : R Ñ γ 1 sending 0 to a, and for η ą r consider the geodesic triangle ∆ η with vertices a, b, and αpηq. After using some Euclidean trigonometry we can prove that the segment rαpδ 1 { ? 2q, αpη{2qs lies outside the δ 1 -neighborhood of ra, bs Y rαpηq, bs, so by condition (ii) above there exists some peripheral left coset Q η " g η P η with
In fact, by a completely analogous argument we can prove γ 1 Ă N δ 1 pQ 2λ`?2δ 1¨xq, and so the claim follows with gP :" Q 2λ`?2δ 1 . Now, let L " dphx, γ 1 q which equals dph n x, γ 1 q for any n P Z. By our previous claim we have dph n x, gP¨xq ď L`δ 1 for all n, so by means of the quasi-isometry µ we can find a constant C ě 0 such that d S ph n , gP q ď C for any n P Z, for d S the word-metric with respect to some finite generating set S of G. This is our desired contradiction, since in that case the infinite cyclic group generated by h would be bounded in G for the word-metric d pSY Ť Pq , contradicting that h is loxodromic [24, Lem. 8 2.4. Virtually special groups. We will not work directly with the definition of special cube complex [20] . Instead, we present some their main properties and some criteria for virtual specialness in the case of cubulated hyperbolic groups. We will extend some of these results in Section 4 when we prove Theorem 1.9.
Definition 2.17. We say that a cubulated group pG, Xq is special if G acts freely on X and the (compact) quotient X{G is a special cube complex, and that pG, Xq is virtually special if there is a finite index subgroup G 1 ă G such that pG, Xq is special.
By abuse of notation, sometimes we will simply say that G is (virtually) special without mentioning the cubulation X, and it will be implicit that the quotient X{G is compact. (Haglund-Wise) . If G is hyperbolic and virtually special then every quasiconvex subgroup of G is separable. In general, if pG, Xq is a virtually special group then every convex subgroup of pG, Xq is separable.
As a partial converse, they also proved the following characterization of virtual specialness [20, Thm. 9.19 ]:
Theorem 2.20 (Haglund-Wise) . The cubulated group pG, Xq is virtually special if and only if:
The second characterization of virtual specialness is due to Wise [37, Thm 13.3] , and is in terms of the quasiconvex virtual hierarchy QVH defined below (see also [3, Thm. 10.2] ). Definition 2.21. Let QVH be the smallest class of hyperbolic groups closed under the operations:
(1) t1u P QVH.
(2) If G " A˚B C with A, C P QVH and such that B is quasiconvex in G, then G P QVH.
(3) If G " A˚B with A P QVH and such that B is quasiconvex in G, then G P QVH. (4) If H ă G with |G : H| ă 8 and H P QVH, then G P QVH. Theorem 2.22 (Wise) . A hyperbolic group is virtually special if and only if it is in QVH.
As mentioned in the introduction, we will require the following compatibility condition for cubulated relatively hyperbolic groups: Definition 2.23. A cubulated and relatively hyperbolic group pG, Xq with peripheral structure P is said to be hyperbolic relative to compatible virtually special subgroups if for any peripheral subgroup P ă G there exists some convex core Z Ă X for P such that the cubulated group pP, Zq is virtually special. From Theorems 2.12 and 2.19 it follows that if pG, Xq is relatively hyperbolic and virtually special, then pG, Xq is hyperbolic relative to compatible virtually special subgroups.
By Theorem 1.5, this compatibility is implied by the assumptions in Proposition 1.6. Let us see now how we also have compatible virtually special peripheral subgroups in the cases of Corollaries 1.3 and 1.4. Since any subgroup or double coset of a finitely generated virtually abelian group is separable, Theorem 2.20 gives us that any cubulated group that is hyperbolic relative to virtually abelian subgroups satisfies Definition 2.23. Theorem 2.20 also implies this compatibility when pG, Xq is cubulated and hyperbolic relative to residually finite groups, and each wall stabilizer is fully relative quasiconvex. Indeed, if P ă G is any peripheral subgroup with convex core Z, then any wall of Z is of the form W X Z for W a wall of X. Therefore, by Remark 2.13 we have P ZXW " P X G W , and so P W XZ is finite or finite index in P . But P is residually finite, and hence the virtual specialness of pP, Zq follows from Theorem 2.20.
In general, the existence of a virtually special convex core cubulation for a convex subgroup implies that any other convex core gives a virtually special cubulation. This is consequence of the next proposition, which will be proven in the Appendix. Proposition 2.24. Let pG, Xq be a cubulated group and let H ă G be a convex subgroup with convex core Y Ă X. If pH, Y q is virtually special, then pH, Y 1 q is virtually special for any other convex core Y 1 Ă X for H.
We end this subsection by proving that points (2) and (3) in Definition 1.8 are consistent with the compatibility condition defined above.
Lemma 2.25. If pG, Xq is a cubulated group such that pG, Pq is hyperbolic relative to compatible virtually special subgroups, and H ă G is a convex subgroup with convex core Y Ă X, then pH, Y q is also hyperbolic relative to compatible virtually special subgroups, when endowed with its induced peripheral structure.
Proof. By Theorem 2.4, H is relatively quasiconvex in G. Let P ă G be a peripheral subgroup such that H X P is infinite, and let U Ă Y be a convex core for H X P . We claim that pH X P, U q is virtually special. If Z Ă X is any convex core for P ă G, by Proposition 2.24 the cubulation pP, Zq is virtually special, and so by the characterization of special cube complexes given in [21, Def. 2.4] it is enough to show that there is a convex core Z with U Ă Z. But U {pH X P q is compact, so there is a compact subset B Ă Z such that pH X P q¨B " U . Therefore by Theorem 2.12 we can choose Z containing B, and hence containing U .
Dehn filling, relative height, and a weak separation theorem
In this section we introduce Dehn filling, the malnormal special quotient theorem, and prove some results which will be used in the remaining sections. The main results of this section are Theorems 3.9 and 3.21.
3.1. Wide Dehn fillings. Dehn filling was introduced independently by Groves and Manning [16] and Osin [31] as a group theoretical generalization of the corresponding concept to cusped hyperbolic 3-manifolds. Definition 3.1. Let pG, P " tP 1 , . . . , P n uq be a relatively hyperbolic group and consider subgroups N i P i . The group theoretic Dehn filling of G (or simply the filling) is the quotient map
where N " tN 1 , . . . , N n u is the collection of filling kernels of φ. Let P denote the set of images of the subgroups P i under φ.
If H ă pG, Pq is a relatively quasiconvex subgroup, we need further conditions on a filling to guarantee good properties for the image of H. In [18] , Groves and Manning introduced H-wide fillings, as a generalization of H-fillings, but with enough flexibility to behave nicely even when H is not necessarily full. Let D be an induced peripheral structure on H, such that every D P D is of the form D " H X P cD iD for some P iD P P and some c D P G of shortest length (with respect to a fixed compatible generating set of G).
Definition 3.2. If S Ă
Ť Pz t1u is a finite set, then a filling G Ñ GpN 1 , . . . , N n q is pH, Sq-wide if for any D P D, and for any d P D and w P S XP iD , we have c D wc´1 D P D whenever dc D wc´1 D P N cD iD .
More generally, if H " tpH 1 , D 1 q, . . . , pH k , D k qu is a collection of relatively quasiconvex subgroups of G, then a filling is pH, Sq-wide if it is pH j , Sq-wide for each 1 ď j ď k.
Given a collection tN i P i u i of filling kernels of pG, Pq, the induced filling kernels of pH, Dq are the groups of the collection N H " K D :" D X N cD iD ( DPD . These groups define the induced filling φ H : pH, Dq Ñ pHpN H q, Dq, with D being the set of images of the elements of D in HpN H q :" H{xx Ť D K D yy H . Note that there is a natural map from HpN H q into G " GpN 1 , . . . , N n q.
If G Ñ G is a Dehn filling of pG, Pq with kernel K, and X is a cusped space for pG, Pq defined in Subsection 2.1, then a combinatorial cusped space for pG, Pq is obtained from X " X{K by removing self-loops. This removing process does not affect the metric on the 0-skeleton, so we will ignore this ambiguity and simply set X " X{K [18, p4] . Let H ă G be a relatively quasiconvex subgroup with quasiconvexity constant λ with respect to X, and let A Ă G be a finite set. Then there exist positive numbers δ 1 " δ 1 pδq and λ 1 " λ 1 pλ, δq such that for all sufficiently long and H-wide fillings φ : G Ñ G :" GpN 1 , . . . , N n q:
(1) pG, Pq is relatively hyperbolic and X is δ 1 -hyperbolic.
(2) φpAq X φpHq " φpA X Hq.
(3) H :" φpHq is relatively quasiconvex in pG, Pq, and λ 1 is a quasiconvexity constant for H w.r.t. X. In addition, if H is fully relatively quasiconvex, then H is fully relatively quasiconvex. (4) H is canonically isomorphic to the induced filling HpN H q. Definition 3.5. Let pH, Dq be a relatively quasiconvex subgroup of the relatively hyperbolic group pG, Pq. We say that H is peripherally separable in pG, Pq if D is separable in P cD iD for every D P D. We say that H is strongly peripherally separable if D 1 is separable in P cD iD for any finite index subgroup D 1 ă D and for any D P D.
The existence of wide fillings is guaranteed by the following lemma [18, Lem. 5.2] . Lemma 3.6. Let pG, Pq be relatively hyperbolic and let H " tpH 1 , D 1 q, . . . , pH k , D k qu be a finite collection of relatively quasiconvex and peripherally separable subgroups of G. Then for any finite set S Ă Ť Pz t1u there exist finite index subgroups 9 N i P i such that any filling G Ñ GpN 1 , . . . , N n q with N i ă 9 N i is pH, Sq-wide.
In our situation, strong peripheral separability follows from convexity, as is shown in the following lemma: Lemma 3.7. Let pG, Xq be a cubulated group that is hyperbolic relative to compatible virtually special subgroups. Then any convex subgroup of pG, Xq is strongly peripherally separable.
Proof. Let H ă G be a convex subgroup with convex core Y Ă X, and let P ă G be a peripheral subgroup with H X P infinite. We claim that if D 1 ă H X P is a finite index subgroup, then it is separable in P . To prove the claim, let Z Ă X be a convex core for P , for which we can assume to have non-trivial intersection with Y by Theorem 2.12. In this case, Lemma 2.14 implies that D 1 is a convex subgroup of pP, Zq. But the cubulated group pP, Zq is virtually special by Proposition 2.24, and so the claim follows from Theorem 2.19.
3.2.
Relative Height, and R-Hulls. The relative height of a relatively quasiconvex subgroup of a relatively hyperbolic group was introduced by Hruska and Wise in [24, Def. 8.1] as the appropriate analog of the height for quasiconvex subgroups of hyperbolic groups [15] . In particular, they proved that the relative height is always finite. In this subsection we introduce the corresponding version for a finite collection of relatively quasiconvex subgroups, we show that it is finite, and prove that it is non-increasing under Dehn filling, extending the results in [18, Sec. 7] (c.f. [1, A.3] ). Definition 3.8. Let pG, Pq be a relatively hyperbolic group and consider a set H " tH 1 , . . . , H k u of distinct relatively quasiconvex subgroups of G. The relative height of H in G is the maximum number n ě 0 so that there are distinct left cosets g 1 H σp1q , . . . , g n H σpnq ( with Ş n i"1 H gi σpiq containing a loxodromic element of G.
The following is the main result of the subsection. In the case where H consists of a single subgroup H, Theorem 3.9 reduces to [3, Thm. 7.12] for H-fillings and to [18, Thm. 7.15] for general H-wide fillings. Definition 3.10. A collection tH 1 , . . . , H k u of distinct subgroups of pG, Pq is relatively malnormal if whenever H i X H g j contains a loxodromic element, then i " j and g P H i . The collection is almost malnormal if H i X H g j is finite unless i " j and g P H i .
Note that relative malnormality is equivalent to relative height at most 1, and that relative malnormality coincides with almost malnormality when P is empty or consists of finite groups (in which case G is hyperbolic). These observations together with Theorem 3.9 imply the following corollary. Recall that a filling G Ñ GpN 1 , . . . , N n q is peripherally finite if N i ă P i is finite index for each 1 ď i ď n. The proof of Theorem 3.9 will take us the rest of the subsection, in which we basically refine the techniques from [3] and [18] about R-hulls over cusped spaces and relative multiplicity.
Let X be a cusped space for pG, Pq, and let δ ě 0 be given by Theorem 3.4 (1), such that X and X are δ-hyperbolic for all sufficiently long fillings. The depth of a vertex of X is its distance to the Caley graph ΓpG, Sq. Note that the action of G on X is depth-preserving. 
A is a horoball in X containing a vertex a at depth greater than 0 in the imageιpX H q, then Ă Z H X A p0q contains every vertex of the maximal vertical ray in A containing a. By [18, Lem. 7.6] , R-hulls for the action of H on X exist for any R ě 0, and moreover we can construct them in such a way that they have only finitely many H-orbits of vertices at depth 0. Therefore, anytime we consider an R-hull, implicitly we will assume it satisfies this property. The relevance of R-hulls is that they allow us to extract some algebraic information about their corresponding relatively quasiconvex subgroups, as we will see in Proposition 3.16 below.
Let Y " X{G, and consider an R-hull Ă Z H for the action of H on X with quotient Z H :" Ă Z H {H. The natural map J H : Z H Ñ Y induces the inclusion H Ñ G in the following way. If˚H P Z H and˚P Y are the respective projections of r, we obtain canonical surjections s : π 1 pZ H ,˚Hq Ñ H and s : π 1 pY,˚q Ñ G such that the following diagram commutes
with the bottom map being the inclusion.
Let H " tH 1 , . . . , H k u be a collection of relatively quasiconvex subgroups, and assume that H i ‰ H j whenever i ‰ j. By Theorem 3.4 (3), let λ be a quasiconvexity constant for each H j and H j for all sufficiently long and H-wide fillings. Consider R-hulls Ă Z j " Ą Z Hj for each 1 ď j ď k, with quotients Z j " Ă Z j {H j and maps J j " J Hj : Z j Ñ Y as above. . Given m ą 0 and an m-tuple σ " pσp1q, . . . , σpmqq P t1, . . . , ku m , we write |σ| " m and define
σpiq " σpjq and z i " z j u should be understood as the fat diagonal .
Points in S σ have a well-defined depth which is the depth of the image in Y . Let C be a component of S σ containing a base-point p " pp 1 , . . . , p m q at depth 0, and fix maximal trees T j in Z j inducing preferred paths β v between˚j "˚H j and the vertex v P Z j . The paths β i " β pi give isomorphisms π 1 pZ σpiq , p i q Ñ π 1 pZ σpiq ,˚σ piq q, and composing them with the push-forwards of the projections ω i : pC, pq Ñ pZ σpiq , p i q we obtain homomorphisms pω i q˚: π 1 pC, pq Ñ π 1 pZ σpiq ,˚σ piq q. Define then τ C,i : s˝pω i q˚: π 1 pC, pq Ñ H σpiq , where s : π 1 pZ σpiq ,˚σ piÑ H σpiq is as in (2) . Definition 3.14 (cf. Def. 7.7, [18] ). The relative multiplicity of tJ j : Z j Ñ Y u 1ďjďk is the largest m so that there is some σ with |σ| " m and S σ containing a component C such that the group τ C,i pπ 1 pC, pqq is infinite non-parabolic for all 1 ď i ď m.
Remark 3.15. Note that for any j, the number r j of vertices in Z j at depth 0 is finite. In particular, if m ą r 1`¨¨¨`rk and |σ| " m, then any tuple in Z σp1qˆ¨¨¨ˆZσpmq at depth 0 lies in ∆ σ , and consequently the relative multiplicity of tJ j : Z j Ñ Y u 1ďjďk is bounded by r 1`¨¨¨`rk .
The main property of relative multiplicity is given by the following proposition: Proposition 3.16 (cf. Thm. 7.8, [18] ). For sufficiently large R, depending only on δ and λ, if each Ă Z j is an R-hull for the action of H j on X, then the relative height of tH 1 , . . . , H k u in G is equal to the relative multiplicity of tJ j :
We need a preliminary lemma (cf. [1, Lem. A.37]). Lemma 3.17. Let C be a fixed component of S σ based at the point p " pp 1 , . . . , p m q at depth 0. Then for any 1 ď i, j ď m there is some g i,j P G such that g i,j τ C,j prαsqg i,j´1 " τ C,1 prαsq for any homotopy class rαs P π 1 pC, pq.
Proof. Recall the paths β i , β j in the construction of the maps τ C,i , τ C,j . In virtue of the commutative diagram (2), the element τ C,i prαsq P G coincides with sprpI i˝βi q¨pI i˝ωi˝α q¨pI i˝βi qsq. But α is a loop in C, so pI i˝ωi˝α q " pI j˝ωj˝α q, and in particular pI i˝βi q¨pI j˝β j q is a loop in Y based at˚. This loop defines the element g i,j P G, for which it is easy to check it satisfies the requirement.
Proof of Proposition 3.16. We proceed in the same way as in [18] . First we prove that the relative height is at most the relative multiplicity, so suppose that the relative height is at least m, and let σ " pσp1q, . . . , σpmqq and g 1 H σp1q , . . . , g m H σpmq be distinct left cosets such that Ş m i"1 H gi σpiq contains a loxodromic element, say h. In [18] it was proven that by choosing an appropriate R, and by replacing h by a power we may suppose that h has a quasi-geodesic axis r γ contained in
In this case the path r γ induces a loop γ : R Ñ Z σp1qˆ¨¨¨ˆZσpmq defined by γptq " pπ σp1q pg´1 1 r γptqq, . . . , π σpmq pg´1 m r γptqqq.
Since the cosets g i H σpiq are distinct and G acts freely on X, γ misses the fat diagonal ∆ σ , and hence defines a loop in a connected component C of S σ containing a vertex p at depth 0. It is not hard to see that τ C,i pπ 1 pC, pqq contains a conjugate of h for each i, so the relative multiplicity is at least m.
For the converse, suppose that the relative multiplicity of tJ j : Z j Ñ Y u j is m, and let σ " pσp1q, . . . , σpmqq and C be a component of S σ containing a point p at depth 0, such that for each 1 ď i ď m the group A i " τ C,i pπ 1 pC, pqq ă H σpiq ă G contains a loxodromic element. Consider the elements g i " g 1,i P G given by Lemma 3.17 so that A gi i " A 1 for each i, which implies
It is only left to show that the cosets g i H σpiq are all different. Indeed, let p " pp 1 , . . . , p m q and suppose there exist i ‰ j with g i H σpiq " g j H σpjq , implying σpiq " σpjq and g i " g j h for some h P H σpiq . Let r β i , r β j be the unique liftings of β i and β j to Ć Z σpiq Ă X starting at r, respectively, and note that g´1 j g i is represented by the loop pI σpjq˝βj q¨pI σpiq˝βi q in π 1 pY,˚q. This implies r p j " hr p i , where r p i and r p j are the corresponding endpoints of r β i and r β j , and by projecting back into Z σpiq we get p i " p j , contradicting p R ∆ σ .
The previous proposition together with Remark 3.15 implies the following corollary, generalizing Before starting the proof of Theorem 3.9 we state the following lemma, proven in [18, Lem. 7.12 & 7.14] . Lemma 3.19. Suppose pG, Pq is relatively hyperbolic and H " tH 1 , . . . , H k u is a collection of relatively quasiconvex subgroups of G. Then for all R there is some R 1 satisfying the following: for all sufficiently long and H-wide
Proof of Theorem 3.9. Let δ be a constant such that the cusped spaces X and X are both δhyperbolic for all sufficiently long fillings, and let λ be a common quasiconvexity constant for the groups H j , which we may also assume is a quasiconvexity constant for each H j in any sufficiently long and H-wide filling φ : G Ñ G{K. For these fillings, by Theorem 3.4 (2),(4) we may assume H i ‰ H j for all i ‰ j (just take a set A containing elements in H i zH j for any pair i ‰ j), and also that each H j is naturally isomorphic to the image of the induced filling of H j . Let R be sufficiently large so that Proposition 3.16 applies for δ and λ, and let R 1 " R 1 pRq be given by Lemma 3.19.
For each 1 ď j ď k consider the following commutative diagram
From Lemma 3.19, Ă Z j embeds in X and is an R-hull for the action of H j {K j on X. Taking quotients under the respective groups we obtain the diagram
the vertical maps being homeomorphisms. By our choice of R, Proposition 3.16 implies that the relative heights of H in G and of H in G coincide with the relative multiplicities of tJ j :
The vertical maps of the diagram (3) induce depth-preserving homeomorphisms between
for any σ " pσp1q, . . . , σpmqq with |σ| " m ą 0, where ∆ σ and ∆ σ are the corresponding fat diagonals.
If π σ : S σ Ñ S σ is this homeomorphism, since H j -H j {K j for all j, then for any component C of S σ with base-point p at depth 0 and for any 1 ď i ď m, the following diagram commutes
where φ : G Ñ G is the filling map. In particular, if τ C,i pπ 1 pC, pqq ă G contains a loxodromic element of pG, Pq, then τ C,i pπ 1 pC, pqq contains a loxodromic element of pG, Pq as well, and therefore the relative height of H in G is at least the relative height of H in G.
3.3.
Weak separability of double cosets. In this subsection we study the behavior of double cosets of relatively quasiconvex subgroups under Dehn filling. Similarly to the peripheral separability we require for a single relatively quasiconvex subgroup, we need some assumptions on the double cosets.
Definition 3.20. Let H, L be relatively quasiconvex subgroups of the relatively hyperbolic group pG, Pq. The pair H, L is said to be doubly peripherally separable if the double coset pH X P qpL X P q is separable in P for any peripheral subgroup P ă G such that H X P and L X P are infinite.
Our next theorem establishes weak separability for double cosets of doubly peripherally separable pairs of relatively quasiconvex subgroups under Dehn fillings. This extends [18, Prop. 6.2] , where the peripheral subgroups are assumed to be abelian, and hence peripheral separability and double peripheral separability trivially hold. It also generalizes [17, Thm. 6.4], where it is assumed that the relatively quasiconvex subgroups are full (though they proved a result for several subgroups, and also allowing some finite subsets removed).
Theorem 3.21. Let pG, P " tP 1 , . . . , P n uq be relatively hyperbolic and let H, L ă G be relatively quasiconvex and peripherally separable subgroups of pG, Pq such that the pair H, L is doubly peripherally separable. Also, let S Ă Ť Pz t1u be a finite set and consider a P GzHL.
Then there exist finite index subgroups K i P i such that for any subgroups N i ă K i the filling G Ñ GpN 1 , . . . , N n q " G{K is ptH, Lu , Sq-wide, and moreover a R KHL. Lemma 3.23. Let pG, Pq be with cusped space X, and let δ be a hyperbolicity constant for X and for the induced cusped space of any sufficiently long filling. Then for any L 1 , L 2 ě 10δ, and for all sufficiently long fillings φ : G Ñ G{K the following holds: if γ is a geodesic in X such that φpγq is a loop in X, then:
‚ there is a horoball A in X so that γ intersects A in a segment rx, ys with x, y P G and containing a point at depth L 2 , and ‚ there is some k P K X StabpAq so that d X px, kyq ď 2L 1`3 .
Proof of Theorem 3.21. Almost all the work has been done in [18, Prop. 6.2] , so we will only check the details where the doubly peripheral separability assumption is required.
By Lemma 3.6 there exist finite index subgroups 9 N i P i such that any filling G Ñ GpN 1 , . . . , N n q with N i ă 9 N i is ptH, Lu , Sq-wide. The rest of the proof is devoted to finding finite index subgroups 9 K i P i such that a is separated from HL in any filling G Ñ GpN 1 , . . . , N n q with N i ă 9 K i . In that case, the theorem follows by defining K i :" 9 N i X 9 K i .
Consider an induced peripheral structure D on H, with each D P D of the form D " H X P cD jD for some 1 ď j D ď n and some shortest c D P G. Similarly, let E be an induced peripheral structure on L with each E P E of the form E " L X P dE kE for some 1 ď k E ď n and some shortest d E P G.
Also, let X, X H , X L be cusped spaces for pG, Pq, pH, Dq and pL, Eq respectively, with induced mapš
Let δ ě 1 be a hyperbolicity constant for X and for the induced cusped space of any sufficiently long filling of G, and let λ be such that the imagesι H pX p0q
For H and L, consider the constants R H , R L given by Proposition 3.22, and define M " d X p1, aq,
Also, consider the collection C i of pairs of subgroups of P i of the form pB 1 , B 2 q " pD αc´1 D , E βd´1 E q with D P D and E P E such that j D " k E " i, and α, β P S i . Note that there are finitely many such pairs, and that by assumption for each of them the double coset B 1 B 2 is separable in P i . This implies the existence of finite index subgroups 9 K B1,B2 P i such that
, for which we expect the separability conditions to be hold.
Let N i ă 9 K i be filling kernels inducing the filling φ : G Ñ GpN 1 , . . . , N n q " G{K, for which we claim that a R KHL. Suppose by contradiction that there is some g P K of the form g " hla´1 for some h P H and l P L, and assume d X p1, gq is minimal among the elements of K X HLa´1.
Consider a geodesic quadrilateral in X with vertices 1, h, hl, g, and let ξ 1 , ξ 2 , η and ρ be the geodesics from 1 to h, from h to hl, from hl to g and from 1 to g, respectively. By assumption g ‰ 1.
The map X Ñ X induced by φ sends ρ to a loop, so by Lemma 3.23 there is a horoball A in X intersecting ρ in a geodesic segment rx, ys (with x between 1 and y), such that rx, ys contains points at depth L 2 , and there is some k P K X StabpAq with d X px, kyq ď 2L 1`3 . This implies d X p1, kgq ă d X p1, gq, since d X px, kyq ď 2L 1`3 and d X px, yq ě 2L 2 ą 2L 1`4 . Our contradiction will be obtained by showing that kg P HLa´1, contrary to our minimality assumption on g.
By [16, Lem. 3.10] we can assume that the segment rx, ys is a geodesic through A consisting of a vertical segment down from x, a horizontal segment of length at most 3, and then a vertical segment with endpoint y. Let x 1 , y 1 be the points on rx, ys directly below x and y, respectively, at depth 3δ`M`λ. The δ-hyperbolicity condition applied to the quadrilateral ξ 1 Y ξ 2 Y η Y ρ implies that x 1 and y 1 lie in the 2δ-neighborhood of ξ 1 Y ξ 2 Y η, but since η is of length M and has extreme points at depth 0, in fact x 1 and y 1 are within 2δ of ξ 1 Y ξ 2 .
The geodesics ξ 1 and ξ 2 join points in H and hL, respectively, and so λ-quasiconvexity gives us
This gives us four cases depending on whether each of u 0 , v 0 are contained inι H pX We can write u 0 " psc D P jD , h u c D , nq for some s P H, h u P sD and n P N, where D P D, and
The geodesic ξ 1 intersects A in a segment with extreme point h 1 closer to h. By λ-quasiconvexity ofι H pX H q we can find a group element w " h w c P sDc Ă scP i with h w P H, such that d X pw, h 1 q ď 2λ. In the same way, if g 2 is the extreme point of the segment ξ 2 X A closer to h, then there is some z " hl z d P htEd Ă htdP i with d X pg 2 , zq ď 2λ. By δ-hyperbolity it can be proven that d X ph 1 , g 2 q ď 4δ, so we have d X pw, zq ď 4δ`4λ.
andê P E d´1 such that p "dpw´1zqêpz´1wq. In consequence khl can be written as
the last expression being in HL sinced c P D andê d P E. Therefore, kg " khla´1 P HLa´1, implying the desired contradiction and concluding the proof of this case and of the theorem.
The next corollary roughly says that under some mild assumptions, double cosets of doubly peripherally separable pairs of relatively quasiconvex subgroups are "almost" the intersection of double cosets of fully relatively quasiconvex subgroups. Corollary 3.24. Let pG, Pq be relatively hyperbolic and let H, L ă G be relatively quasiconvex subgroups such that H, L is a doubly peripherally separable pair. Also, suppose that 9 H, 9 L and 9 P are separable in G for any finite index subgroups 9
H ă H, 9 L ă L or 9 P ă P , with P being a peripheral subgroup of G. Then for any a P GzHL there exist fully relatively quasiconvex subgroupsĤ,L with H XĤ ă H and L XL ă L of finite index, such that a R HĤLL.
Proof. For a, H and L as in the statement, let K 1 , . . . K n be the filling kernels given by Theorem 3.21, and let K " Kpa, H, Lq G be the kernel of the filling G Ñ GpK 1 , . . . , K n q. Since by assumption each K i is finite index in P i and separable in G, the subgroups K i X H are separable in H, and there exists a finite index subgroup 9 H H such that 9 H X P i ă K i for all i, implying 9 H X P ă K for any peripheral subgroup P . Similarly we can find 9 L L of finite index so that 9 L X P ă K for any peripheral P .
We claim the existence of parabolic subgroups Q 1 , . . . , Q s , R 1 , . . . , R t ă G, each of them a finite index subgroup of the conjugate of some K i , and such thatĤ :" x 9 H, Q 1 , . . . , Q s y and L :" x 9 L, R 1 , . . . , R t y are fully relatively quasiconvex subgroups of G. By assuming this claim, the corollary follows since a R KHL and HĤLL " Hx 9 H, Q 1 , . . . , Q s yx 9 L, R 1 , . . . , R t yL Ă Hx 9 H, Kyx 9 L, KyL " H 9 HK 9 LL " KHL.
To prove the claim, we will only construct the groups Q 1 , . . . , Q s , since the groups R 1 , . . . , R t can be found in exactly the same way. Let us choose D 0 " tD 1 , . . . , D s u an induced peripheral structure on 9 H 0 " 9 H with D i " 9 H X P ci ji for some 1 ď j i ď n and c i P G, and inductively construct
Assume we have found 9 H i´1 and Q 1 , . . . , Q i´1 , and note that every parabolic subgroup of 9
H i´1 X P ci ji q such that for any P 1 ă P ci ji containing 9 H i´1 X P ci ji and disjoint from F , the group x 9 H i´1 , P 1 y is relatively quasiconvex and has tQ 1 , . . . , Q i´1 , P 1 u as induced peripheral structure. It is then enough to find a subgroup P 1 ă K ci ji of finite index, containing 9
H i´1 X P ci ji and disjoint from F , so in that case we can define Q i " P 1 .
To find such P 1 , note that each infinite parabolic subgroup of 9
, and there is a finite index subgroup P 1 ă K ci ji , disjoint from F and such that P 1 Ą D i . This solves the claim, and since each subgroup in D s is finite index in some peripheral subgroup, the group H " 9 H s is fully relatively quasiconvex.
3.4. The malnormal special quotient theorem. We end this section by presenting a result that will be needed in the proofs of Theorem 3.25 (Einstein) . If pG, tP 1 , . . . , P n uq is a relatively hyperbolic group with G cubulated and virtually special, then there exist finite index subgroups 9 P i P i such that if G " GpN 1 , . . . , N n q is any filling with each N i ă 9 P i of finite index, then G is hyperbolic and virtually special. Then there exist finite index subgroups 9 P i P i such that for any further finite index subgroups N j ă 9 P j , the filling φ : G Ñ G " GpN q " GpN 1 , . . . , N n q satisfies:
(1) G is hyperbolic.
(2) H l " φpH l q is quasiconvex in G and naturally isomorphic to the induced filling H l pN H l q for each 0 ď l ď k. (3) φ| A : A Ñ G is injective and φpA X H l q " φpAq X H l for all 0 ď l ď k.
(4) For each l, if H l is virtually special and strongly peripherally separable, then H l is also virtually special. Proof. First, consider a peripheral structure D 0 " tD 0,1 , . . . , D 0,k0 u on H 0 induced by G so that D 0,i " H 0 X P c0,i α0,i for some 1 ď α 0,i ď n and some shortest c 0,i P G. Also, for any 1 ď l ď k consider a peripheral structure D l " tD l,1 , . . . , D l,k l u on H l induced by pH 0 , D 0 q, so that D l,i " H l X D d l,i 0,β l,i for some 1 ď β l,i ď k 0 and some shortest d l,i P H 0 . Since D l is also a peripheral structure induced by G, we have D l,i " H l X P c l,i α l,i for 1 ď α l,i ď n and c l,i P G. The equation
then implies (5) α l,i " α 0,β l,i , and pc l,i q´1d l,i c 0,β l,i P P α l,i .
The relevance of this equation is that if φ : G Ñ GpN 1 , . . . , N n q induces the filling φ 0 : H 0 Ñ H 0 pK 0,1 , . . . , K 0,k0 q, then for any 1 ď l ď k the filling φ l : H l Ñ H l pK l,1 , . . . , K l,k l q induced by φ is the same as the one induced by φ 0 . Indeed, a filling kernel of φ l induced by φ is of the form K l,i "
, which is consequence of (5) and the fact that N α l,i is normal in P α l,i .
With that in mind, by Theorem 3.4 we can find a finite set S Ă Ť Pz t1u such that all pH, Sqwide and peripherally finite fillings φ : G Ñ G " GpN 1 , . . . , N n q with S X p Ť N i q " H satisfy the conditions (1)-(3) (for the injectivity of φ| A , include the trivial group into H and consider the finite set ab´1 ‰ 1 : a, b P A ( Ă G). For such S, Lemma 3.6 gives us finite index subgroups 9 N j ă P j such that any filling G Ñ GpN 1 , . . . , N n q with N j ă 9 N j is pH, Sq-wide.
Now, let I be the set of 0 ď l ď k such that H l is virtually special, and apply Theorem 3.25 to each pair pH l , D l q with l P I to obtain finite index subgroups 9 D l,i D l,i such that for any further finite index subgroups r D l,i ă 9 D l,i the filling H l p r D l,1 , . . . , r D l,k l q is virtually special.
Given l P I and 1 ď i ď k l , there is a chain of inclusions
the first one being of finite index. Since H l is strongly peripherally separable, the group 9 D l,i is separable in P c l,i α l,i , and hence the inclusion 9 D l,i X 9 N c l,i α l,i ă 9 N c l,i α l,i is also separable. Therefore we can find a finite index subgroup r N γ l,i P α l,i contained in 9 N α l,i , such that 9 D l,i X r N c l,i γ l,i " D l,i X r N c l,i γ l,i . We conclude that K l,i :" D l,i X r N c l,i γ l,i is contained in 9 D l,i as a finite index subgroup.
For 1 ď j ď n, let I j be the set of pairs pl, iq with l P I and 1 ď i ď k l , such that j " α l,i . Let r P j :" Ş pl,iqPIj r N γ l,i if I j ‰ H, and r P j " 9 N j otherwise. Since each 9 P j is of finite index in P j and by assumption the groups P j are residually finite, we can find finite index subgroups 9 P p1q j P j contained in r P j and disjoint from S. By construction any filling φ : G Ñ G " GpN 1 , . . . , N n q with N j ă 9 P p1q j of finite index satisfies the conclusions (1)-(4).
To deal with (5)- (6) , note that the groups H 1 , . . . , H k are peripherally separable in pH 0 , D 0 q, and that each group in D 0 is residually finite. Therefore, by applying Theorems 3.4, 3.6, and 3.9, and in the same way we constructed the groups 9 P p1q j above, we obtain finite index subgroups 9 K 0,i D 0,i such that for any filling φ 0 : H 0 Ñ H 0 pK 0,1 , . . . , K 0,k0 q with K 0,i ă 9 K 0,i , we have:
(i) for any 1 ď l ď k the induced filling φ l of H l satisfies ker φ l " ker φ 0 X H l , and (ii) the height of tφ 0 pH 1 q, . . . , φ 0 pH k qu in φ 0 pH 0 q is at most the relative height of tH 1 , . . . , H k u in H 0 .
By our strong peripheral separability assumption, and by the same separability argument used to find the groups r N γ l,i , there exist finite index subgroups 9 P j P j containing 9 P p1q j , and such that D 0,i X 9 P c0,i α0,i ă 9 K 0,i for any 1 ď i ď k 0 .
By construction, if φ : G Ñ GpN 1 , . . . , N n q is a peripherally finite filling with N i ă 9 P j , then it satisfies conclusions (1)-(4). In addition, by (i) we have ker φXH j " pker φ 0 XH 0 qXH j " ker φ j , so it also satisfies (5) . Finally, note that by the discussion after equation (5), the embedding φ 0 pH 0 q ãÑ φpGq induces isomorphisms φ 0 pH j q " Ý Ñ φpH j q for each j, and so the height of tφ 0 pH 1 q, . . . , φ 0 pH k qu in φ 0 pH 0 q coincides with the height of tφpH 1 q, . . . , φpH k qu in φpH 0 q. This fact together with (ii) proves (6).
Proof of Theorem 1.9
In this section we prove Theorem 1.9. We first recall the notion of graph of groups, referring to the work of Bass in [4] . (1) a connected, non-empty graph Γ with vertex set V " V pΓq, and an oriented edge set E " EpΓq with an involution e Þ Ñ e that switches the orientation of each edge, (2) an assignment G : V \ E Ñ Grp of a group x Þ Ñ G x " Gpxq for any vertex or edge x, such that G e " G e for any edge e, and (3) a set of attachment monomorphisms ψ e : G e Ñ G tpeq where tpeq is the terminal vertex of the edge e.
Given a graph of groups pΓ, Gq we consider the group
where F pEq is the free group generated by the set E and N is the normal subgroup generated by the relations e´1 " e and eψ e pgqe´1 " ψ e pgq for any edge e and any g P G e . 
consisting of the elements of the form g " g 0 e 1 g 1 e 2¨¨¨en g n , where e 1 , e 2 , . . . , e n form a circuit in Γ based at v 0 (i.e. tpe i q " tpe i`1 q for 1 ď i ď n´1 and tpe n q " tpe 1 q " v 0 ), and g i P G tpei`1q for any 0 ď i ď n, with the convention tpe n`1 q " v 0 .
The isomorphism class of π 1 pΓ, G, v 0 q is independent of the base-point, and the canonical maps from vertex groups into F pΓ, Gq are injective, so we can consider any vertex group as a subgroup of π 1 pΓ, G, v 0 q by means of choosing a maximal tree T of Γ containing v 0 . Definition 4.3. We say that a group G splits as a graph of groups pΓ, Gq if G is isomorphic to π 1 pΓ, G, v 0 q for some (hence any) vertex v 0 of Γ.
The proposition below gives existence of hyperbolic and virtually special fillings for groups in CMVH, and is the key ingredient in the proof of Theorem 1.9.
Proposition 4.4. Let pG, P " tP 1 , . . . , P n uq be a relatively hyperbolic group with each P i being residually finite. Suppose G splits as a finite graph of groups pΓ, Gq satisfying:
‚ each edge group is relatively quasiconvex in G and peripherally separable, ‚ if v is a vertex of Γ, then the collection A v :" tG e : e attached to vu is relatively malnormal in G v , and ‚ each vertex group is virtually special and strongly peripherally separable.
Then:
(1) Every relatively quasiconvex and peripherally separable subgroup of G is separable.
(2) Every double coset of a doubly peripherally separable pair of relatively quasiconvex and strongly peripherally separable subgroups of G is separable.
Proposition 4.5. Let pΓ, Gq be as in the statement of Proposition 4.4. Then there exist finite index subgroups 9 P j P j , such that any peripherally finite filling φ : G Ñ G " GpN 1 , . . . , N n q with
. . , M n q is another filling for some M j ă N j such that G is hyperbolic and virtually special.
Remark 4.6. Since we are restricting to finitely generated groups, relative quasiconvexity of edge groups implies relative quasiconvexity of vertex groups [6, Lem. 4.9] .
Before proving Proposition 4.5, we need a lemma. Condition (2) will be used in the proof of Proposition 8.14.
Lemma 4.7. Let G be a group splitting as a finite graph of groups pΓ, Gq with hyperbolic vertex groups, and edge groups quasiconvex in their corresponding vertex groups. Suppose that either:
(1) for each vertex v P V " V pΓq the collection P v :" G e : e is an edge attached to v ( is almost malnormal in G v , or (2) Γ is bipartite with V pΓq " V 1 \V 2 and each edge joining vertices of V 1 and V 2 , and such that for each v P V 1 the collection
Then G is hyperbolic and the edge groups are quasiconvex in G.
Proof. Since edge groups are quasiconvex in the vertex groups, by almost malnormality the pair pG v , P v q is relatively hyperbolic for each v P V (resp. v P V 1 ). Also, for v P V 2 consider the trivial peripheral structure pG v , G v ( q. With these conventions, each edge group is maximal parabolic in vertex groups of V (resp. V 1 ), and no two of them are conjugates into a common vertex group G v with v P V (resp. v P V 1 ), unless they are finite. Therefore we are in the assumptions of [6, Cor. 4.6] (resp. [6, Cor. 1.5]), and hence G is hyperbolic relative to Ť vPV P v´t repeatsu (resp. G v : v P V 2 ( ), and the edge groups are quasiconvex in some peripheral subgroup of G. In both cases G will be hyperbolic relative to hyperbolic groups, hence hyperbolic as well (see e.g. [13, Thm. 3.8]), and edge groups will be quasiconvex since the peripheral subgroups are quasiconvex in G.
Proof of Proposition 4.5. Let us fix a vertex v 0 P V " V pΓq, an isomorphism Gπ 1 pΓ, G, v 0 q, and a maximal tree T of Γ containing v 0 that induces embeddings of the vertex/edge groups of pΓ, Gq into G. For each vertex, apply Proposition 3.26 to the collection A v and the group G v , to find finite index subgroups 9 P j pvq P j such that for any choice of peripherally finite filling kernels N " tN 1 , . . . , N n u with N i ă 9 P i pvq, the filling φ : G Ñ G " GpN 1 , . . . , N n q satisfies:
φpG v q is virtually special, quasiconvex (hence hyperbolic) in G, and isomorphic to the image of the induced filling φ v :
‚ Each G e :" φpG e q in A v is naturally isomorphic to the image of the filling φ e : G e Ñ G e pN e q induced by both φ and φ v (that is, ker φ e " ker φ v X G e " ker φ X G e ).
For 1 ď j ď n define 9 P j :" Ş vPV 9 P j pvq, which is a finite index normal subgroup of P j , and consider finite index subgroups N j ă 9 P j inducing the filling φ : G Ñ G " GpN 1 , . . . , N n q.
To construct G, consider a new graph of groups pΓ, Gq with the same underlying graph Γ, with G assigning the group G x to each x P V \ E, and with attaching maps being the inclusions ψ e : G e ãÑ G tpeq induced by φ. Define G as π 1 pΓ, G, v 0 q, and choose embeddings of the vertex groups according to the same maximal tree T . By our choice of φ, the splitting pΓ, Gq of G satisfies the assumptions of Lemma 4.7 (1), and so G is hyperbolic and the edge groups ΦpG e q " G e are quasiconvex in G. In addition, by assumption the vertex groups of pΓ, Gq are hyperbolic and virtually special, and so Theorem 2.22 implies that G is virtually special.
This choice of embeddings induces commuting diagrams
Finally, to prove that Φ is a filling factoring φ, it is enough to show that ker Φ " xx Ť j M j yy G for some M j P j contained in N j . To do this, first note that ker Φ " xx Ť vPV ker φ v yy G , and that for each v we have the equality ker φ v " xx Ť DPDj K D yy Gv , with D v being a peripheral structure on G v induced by pG, Pq and tK D u DPDv being the filling kernels induced by φ.
Suppose each D P D v is of the form D " G v X P cD iD with 1 ď i D ď n and c D P G, and hence K D " H X D X N cD iD . For 1 ď j ď n, let D j denote the set of all D P
yy Pj if D j is non-empty, and M j :" t1u otherwise. Note that M j ă N j for each j. We claim that xx Ť j M j yy G " xx Ť vPV ker φ v yy G for these choices of M j . For the inclusion "Ă", it is enough to show M j Ă xx Ť vPV ker φ v yy G for any j, which holds because when D j is non-empty, we have
On the other hand, for any v P V we obtain
which proves "Ą".
Proof of Proposition 4.4. To prove conclusion (1), let H be a relatively quasiconvex and peripherally separable subgroup of G and consider g P GzH, which we want to separate from H in a finite quotient of G. Instead of using Dehn filling directly on H, we will use [34, Thm. 6.3] and the peripheral finiteness to find a fully relatively quasiconvex subgroupĤ ă G containing H and such that a RĤ, so now it is enough to separate a fromĤ. By Proposition 3.4 (1)-(3) there exists a finite set S Ă Ť Pz t1u such that for any pĤ, Sq-wide filling φ : G Ñ G " GpN 1 , . . . , N n q with S X Ť j N j " H, the pair pG, Pq is relatively hyperbolic withĤ " φpĤq fully relatively quasiconvex in pG, Pq and φpgq RĤ. Since the groups P j are residually finite, there exist finite index subgroups Q j P j with each Q j being disjoint from S. Also, sinceĤ is fully relatively quasiconvex, it is peripherally separable and by Lemma 3.6 there exist finite index subgroups 9 N j ă N j such that any filling G Ñ GpN 1 , . . . , N n q with N j ă 9 N j for each j is pĤ, Sq-wide.
Let 9 P j P j be given by Proposition 4.5, and set N j :" 9 N j X 9 P j X Q j P j . By construction, φ : G Ñ G " GpN 1 , . . . , N n q is an pĤ, Sq-wide filling factoring through the pĤ, Sq-wide filling Φ : pG, Pq Ñ pG, Pq, with pG, Pq relatively hyperbolic, ΦpĤq fully relatively quasiconvex in pG, Pq and Φpgq R ΦpĤq (here P denotes the set of images of groups in P under Φ). Also, G is hyperbolic and virtually special, and therefore, to solve the problem it is enough to show that ΦpĤq is separable in G.
By Theorem 2.19 it suffices to show that ΦpĤq is quasiconvex in G, i.e. that ΦpĤq is relatively quasiconvex in pG, Hq. But pG, Pq is an extended peripheral structure for pG, Hq, and so by [38, Thm. 1.3] it is enough that ΦpĤq X ΦpP q is quasiconvex in G for any peripheral subgroup P Ă G. This last statement follows from the quasiconvexity of ΦpP q in G [10, Lem. 4.15], and the full relative quasiconvexity of ΦpĤq in G, since quasiconvexity is stable under finite index inclusions. Now, let H, L ă G be relatively quasiconvex and strongly peripherally separable subgroups such that H, K is doubly peripherally separable, and consider a P GzHL. Conclusion (1) implies that the peripheral subgroups of G are separable, as well as any of their peripheral subgroups. In addition, by our strong peripheral separability assumption, any finite index subgroup of H or L will be peripherally separable, hence also separable. Therefore, H and K satisfy the assumptions of Corollary 3.24, a so there are fully relatively quasiconvex subgroupsĤ andL with H XĤ ă H and L XL ă L of finite index, and such that a R HĤLL.
Thus, to prove conclusion (2) we only need to verify that HĤLL is separable, and since this set is a finite union of translates ofĤL, it is enough to show that double cosets of fully relatively quasiconvex subgroups are separable. This can be done in the same way as in the proof of conclusion Proof of Theorem 1.9. Let pG, Xq be a cubulated group in CMVH. We will prove that pG, Xq is virtually special by induction on the minimal number of operations p1q´p3q used in a description of pG, Xq (see Definition 1.8), where clearly pt1u , Xq is virtually special if X is a finite CATp0q cube complex.
First, suppose that H ă G is of finite index with pH, Xq P CMVH. Our inductive assumption implies that pH, Xq is virtually special, so clearly pG, Xq is also virtually special. Now, let G be splitting as a finite graph of groups pΓ, Gq such that:
‚ if u P V pΓq \ EpΓq then G u has convex core X u Ă X, ‚ if v P V pΓq then pG v , X v q P CMVH (and hence pG v , X v q is virtually special by our inductive assumption and Lemma 2.25), and ‚ A v is relatively malnormal in G v for any v P V pΓq.
To show that pG, Xq is virtually special we will use Theorem 2.20, but first we need to show that G satisfies the hypotheses of Proposition 4.4. This follows because by our compatibility assumption the peripheral subgroups are residually finite, and because by Lemma 3.7, all convex subgroups of pG, Xq are strongly peripherally separable. Therefore, pG, Xq satisfies Proposition 4.4, so any relatively quasiconvex and peripherally separable subgroup of G is separable, as well as any double coset of a doubly peripherally separable pair of relatively quasiconvex and strongly peripherally separable subgroups. In particular, the wall stabilizers of pG, Xq are separable so by Theorem 2.20 it is enough to show that if W 1 , W 2 Ă X are intersecting walls, then the pair G W1 , G W2 is doubly peripherally separable. To prove this, let P ă G be a peripheral subgroup so that G W1 X P and G W2 X P are both infinite, and by Theorem 2.12 choose a convex core Z Ă X for P such that W 1 X Z and W 2 X Z are both non-empty. Since W 1 X W 2 ‰ H, we will have that pW 1 X Zq and pW 2 X Zq are intersecting walls of Z (see e.g. [20, Lem. 13.13] ). But by Theorem 2.20 and Remark 2.13, this implies that the double coset pG W1 X P qpG W2 X P q is separable in P , which is precisely the definition of doubly peripherally separable pair.
Construction of the complex with finite walls
Now we start the proof of Theorem 1.10, by induction on the dimension of X (the 0-dimensional case is evident). Henceforth, let pG, Xq be a cubulated relatively hyperbolic group with compatible virtually special peripherals, and assume that:
Y q P CMVH for every cubulated and relatively hyperbolic group pH, Y q with compatible virtually special peripherals and such that dim Y ă dim 9
X " dim X.
From Corollary A.3, pG, 9
Xq is also hyperbolic relative to compatible virtually special subgroups.
Fix R ě δ`2 ? dim X, and let W 1 , . . . , W m be a complete set of representatives of G-orbits of walls in 9
X. The goal of this section is to prove the following.
Theorem 5.1. There exists a torsion-free normal subgroup K G such that the quotient cube complex X :" 9 X{K satisfies:
(1) G acts cocompactly on X .
(2) All walls of X are finite.
(3) If W is a wall of 9 X then the R-neighborhood N R pWuotiented by K X G W embeds in X . In particular, all walls of X are embedded, and distinct walls in 9
X which are less than R apart map to distinct walls in X .
We will need the following weak separability result for virtually special quasiconvex subgroups of hyperbolic groups, which is the main result in the Appendix of [1] .
Theorem 5.2 (Agol-Groves-Manning). Let G be a hyperbolic group and H ă G be a quasiconvex virtually special subgroup. Then for any g P GzH there is a hyperbolic group G and a surjective homomorphism ψ : G Ñ G such that ψpgq R ψpHq and ψpHq is finite.
Proof of Theorem 5.1. For every 1 ď i ď m, consider a set A i of representatives of double cosets G Wi gG Wi with g R G Wi and dpW i , gW i q ď 2R. Also, choose a set T Ă G of representatives of conjugacy classes of non-trivial torsion elements of G. These sets are finite by Lemma 2.9. Set H " tG W1 , . . . , G Wm u.
As a first step, since each subgroup G Wi is convex in pG, 9
Xq, Lemma 3.7 and Proposition 3.26 imply that we can find a peripherally finite Dehn filling φ : G Ñ G " Gp 9 P 1 , . . . , 9 P n q so that G is hyperbolic, each G i :" φpG Wi q is quasiconvex, virtually special and disjoint from φpA i q, and 1 R φpT q.
Our second step is to find a quasiconvex and virtually special subgroup H ă G such that H X G i ă G i is finite index for 1 ď i ď m. We will do this by inducting on k, and finding for each 1 ď j ď m a quasiconvex and virtually special subgroup H j ă G such that H j X G i ă G i is finite index for 1 ď i ď j. For the base case we choose H 1 " G 1 .
Suppose we have found H j , and consider the intersection L " H j X G j`1 . By Gitik's pingpong theorem [14, Thm. 1], there exists a finite set F Ă pH j Y G j`1 qzL such that if r H j ă H j and r G j`1 ă G j`1 are finite index subgroups with r H j X r G j`1 " L, and r H j , r G j`1 disjoint from F , then x r H j Y r G j`1 y is quasiconvex in G and isomorphic to r H j˚L r G j`1 . The existence of finite index subgroups r H j and r G j`1 disjoint from F is guaranteed by subgroup separability, since by assumption H j , G j`1 are virtually special and L is quasiconvex in both groups, so we can apply Theorem 2.19.
The virtual specialness of H j`1 follows from Theorem 2.22 and the isomorphism H j`1 -r H j˚L r G j`1 , where r H j and r G j`1 are virtually special (finite index subgroups of virtually special groups), and L is quasiconvex in H j`1 since both r H j and r G j`1 are quasiconvex subgroups of G. The induction is then complete, and set H " H m .
Before the end of the proof, and after possibly replacing H by a finite index subgroup, we can assume that H does not intersect φpT q. This is because H is virtually special, hence residually finite, and φpT q is finite. This modification does not affect the expected properties for H.
Note that N i is finite index in G Wi for each i, so N i acts cocompactly on W i , and by Lemma 2.9 (2) there is a finite set r A i of representatives of double cosets N i gN i with g R N i and dpgW i , W i q ď 2R. We claim that φp r A i q X N i " H for each i. Indeed, let a P r A i , and suppose first that a R G Wi . In that case, a " g 1 bg 2 for some b P A i and g 1 , g 2 P G Wi , implying φpaq " φpg 1 qφpbqφpg 2 q R G i Ą N i since by construction φpbq R G i . In the case a P G Wi , the conclusion follows from the definition of N i . Proven our claim, the groups N i are quasiconvex in H, hence separable by Theorem 2.19, and we can find finite index subgroupsĤ i ă H such thatĤ i X G i " N i andĤ i X φp r A i q " H for all i. Note that the groupsĤ i are quasiconvex in G and virtually special. Now we construct K. For each 1 ď i ď m and each g P φp r A i q we use Theorem 5.2 to find a quotient homomorphism ϕ g of G with ϕ g pĤ i q finite and ϕ g pgq R ϕ g pĤ i q. Similarly, for each g P φpT q we construct a quotient homomorphism τ g of G with τ g pgq R τ g pHq and τ g pHq finite.
Define K :" φ´1´´Ş gPYi r Ai ker ϕ g¯X´Ş gPT ker τ g¯¯ G and X :" 9 X{K. Note that K is disjoint from T , hence torsion-free, so X is a cube complex. Clearly G acts cocompactly on X , so (1) holds, and by construction K X G W is finite index in G W for each wall W , implying (2) . Finally, if x, y P N R pW i q and k P K are such that x " ky, then dpkW i , W i q ď 2R. So if k R K i , there is some g P r A i with k " h 1 gh 2 for some h 1 , h 2 P N i . But this is impossible since it would imply ϕ φpgq pφpgqq " pϕ φpgq˝φ qph´1 1 kh´1 2 q " pϕ φpgq˝φ qph´1 1 h´1 2 q P ϕ φpgq pN i q Ă ϕ φpgq pĤ i q.
Therefore k P N i Ă G Wi , and the map N R pW i q{pK X G Wi q Ñ X is an embedding for all 1 ď i ď m. Property (3) then follows from the normality of K and by considering translates of the W i .
The point of working with 9 X instead of X, is that for every wall W of 9 X, the subgroup G W does not exchange the sides of W . This allows us to find a G-equivariant co-orientation on the walls of 9 X, that is, a labelling W`and W´for the half-spaces of each wall W of 9 X, such that pgW q˘" gpW˘q for any g P G and for any wall W Ă 9 X.
Let q : 9 X Ñ X denote the quotient map from Theorem 5.1. This map will send a vertex x (resp. an edge e and wall W ) of 9 X to a vertex x (resp. an edge e and wall W ).
Coloring walls in X
Now we proceed to color the walls of X , in the same way as in [1, Sec. 5] .
Definition 6.1. Let ΓpX q be the simplicial graph with vertices the walls of X and with an edge joining the walls W 1 and W 2 if and only dpW 1 , W 2 q ď R, with d being the induced distance on X and R as in Theorem 5.1.
There is a natural action of G on ΓpX q, and since X is locally finite and with finite walls, there are only finitely many G-orbits of vertices in ΓpX q. This implies that there exists some k such that the degree of any vertex of ΓpX q is bounded above by k, and also that G acts cocompactly on ΓpX q. Definition 6.2. A coloring of ΓpX q is a map c : V pΓpXÑ t1, . . . , k`1u such that if W 1 , W 2 P V pΓpXare adjacent walls, then cpW 1 q ‰ cpW 2 q. Let C k`1 pΓpXdenote the set of colorings, which is non-empty since vertices of ΓpX q have degree ď k.
The action of G on ΓpX q induces an action on C k`1 pΓpXvia pullback g : c Þ Ñ gc :" c˝g´1 for each g P G.
We define several equivalence classes related to C k`1 pΓpX qq, following the notation of [35, Def. 6.2].
(1) If W is a wall of 9 X, define the equivalence class rcs W of c P C k`1 pΓpXas rcs W :" c 1 P C k`1 pΓpX: c " c 1 on the ball of radius cpW q in ΓpX q centered at W ( .
(2) If e is an edge of 9 X dual to the wall W , then rcs e :" rcs W for any c P C k`1 pΓpX qq. (3) If x is a vertex of 9 X we define rcs x :" Ş trcs e : e incident at xu. (4) We also define equivalence classes on V p 9
XqˆC k`1 pΓpXand Ep 9 XqˆC k`1 pΓpXaccording to re, cs :" teuˆrcs e and rx, cs :" txuˆrcs x .
There are natural actions of G on these sets of equivalence classes, given by gre, cs :" rge, gcs and grx, cs :" rgx, gcs. For each edge e, the class r´s e depends only on the colors of vertices in some pk`1q-ball of ΓpX q, so there are only finitely many equivalence classes r´s e , and similarly for r´s x . Since there are finitely many G-orbits of edges and vertices in 9 X, there are only finitely many G-orbits of equivalence classes on Ep 9
XqˆC k`1 pΓpXand V p 9 XqˆC k`1 pΓpX qq.
Cubical polyhedra and the gluing construction
We introduce the main construction used to prove Theorem 1.10. As in [35, Sec. 7 & 8] , we will mainly work with the universal covers instead of the "cubical polyhedra" used in [1] , so our notation will be similar to the one used in [35] .
Inductively, we will construct non-empty sets V k`1 , . . . , V 0 , where each V j is a finite collection of triplets pZ, H, pc x qq, where
X is a non-empty intersection of half-spaces (thus closed and convex), ‚ for each vertex x P Z we have a coloring c x P C k`1 pΓpX qq, ‚ H ă G acts freely and cocompactly on Z, and c hx " hc x for each h P H and vertex x P Z.
The subset Z Ă 9
X is not a subcomplex of 9 X, but H also acts cocompactly on its cubical neighborhood N pZq. Since Z is intersection of half-spaces, the vertices inside Z span a convex subcomplex. The cubical neighbourhood of this subcomplex is therefore convex, and also equals N pZq, so we have proven:
Xq, hence a convex core for H.
We permit V j to contain duplicates of some triplets, and sometimes we will write Z P V j instead of pZ, H, pc xP V j , and also pZ, H, pc x q; αq P V j to explicit that there are exactly α P N duplicates of pZ, H, pc xin V j . Definition 7.2. We require each triplet pZ, H, pc xP V j to satisfy four conditions:
Xq joins vertices x, y P Z P V j , then re, c x s " re, c y s.
Xq joins the vertices x P Z P V j and y P 9 X, then y P Z if and only if c x pW peqq ą j. where duplicates of Z P V j are counted separately. The collection V j must satisfy the Gluing Equations |Vj pe, cq| " |Vj pe, cq|
for any e P Ep 9
Xq and c P C k`1 pΓpX qq.
Remark 7.3. By Property (1), for an edge e intersecting Z we can consider a coloring c e P C k`1 pΓpX(in fact an equivalence class), such that if e is incident at x P Z then re, c e s " re, c x s.
Let us see how the existence of V 0 implies Theorem 1.10. Consider an arbitrary triplet pZ, H, pc xin V 0 . By conditions (1)-(2) of V 0 , any vertex of 9 X is contained in Z, and since Z is intersection of half-spaces, we must have N pZq " Z " 9 X. But then H ă G acts cocompactly on 9 X, implying that H is of finite index in G. Condition (3) implies that pH, 9
Xq P CMVH, so pG, 9
Xq is also in CMVH.
The rest of the paper concerns the inductive construction of the sequence V k`1 , V k , . . . , V 0 . In the hyperbolic case, the existence of V k`1 was given by Agol by means of an ingenious argument regarding invariant measures on ΓpX q [1, Sec. 7] (see also [35, Lem. 7.1] ). Definition 7.2 (3) differs from that in [35] since it uses CMVH rather than QVH, but the proof of [35, Lem. 7.1] still applies to CMVH since the groups H are finite. Therefore we obtain: In the next sections we will need to modify our collections V j , and for that we will use the following lemma: Lemma 7.5. Let V j consist of the weighted triplets pZ, H, pc x qq; α Z q and for each Z consider a finite index normal subgroup H 0 H of index i Z . Then after replacing each pZ, H, pc x q; α Z q by pZ, H 0 , pc x q; p ś Z 1 ‰Z i Z 1 qα Z q, the collection V j still satisfies properties (1)-(4).
Proof. Properties (1) and (2) are immediate. To verify (4), let e be an edge of 9 X, c P C k`1 pΓpXbe a coloring, and let r Vj pe, cq be the set of pairs pH 0¨x , Zq such that pH¨x, Zq is in Vj pe, cq.
The contribution of a triplet pZ, H 0 , pc xto r Vj pe, cq is i Z times the contribution of a triplet pZ, H, pc xto Vj pe, cq. Let r CZ and CZ denote these contributions, respectively. Then if we choose r α Z :"
so the gluing equations are also satisfied by the modified V j . Finally, property (3) follows from the lemma below that will also be used in Section 9.
Lemma 7.6. If pH, Y q P CMVH and H 0 H is a finite index normal subgroup, then pH 0 , Y q P CMVH.
Proof. The lemma follows by induction on the minimal number of operations p1q´p3q used in a description of pH, Y q as a group in CMVH, after noting that finite index subgroups of convex subgroups are convex, and that if pH, Y q splits as a graph of groups satisfying the properties of condition (3) in Definition 1.8, then the induced splitting of pH 0 , Y q also satisfies (3) when H 0 is considered with the induced peripheral structure, see e.g. [3, Prop. 3.18 ].
Definition 7.7. Any change of V j by first considering finite index subgroups H 0 ă H for each pZ, H, pc xand then duplicating the triplets pZ, H 0 , pc xas in the previous lemma will be called a virtual modification of V j .
Boundary walls and a graph of groups
For this section fix pZ, H, pc xP V j . We will introduce the main definitions that will be used in Section 9 to define V j´1 from V j . The next lemma is implicit in [1, p1062] and is stated as the Zipping Lemma in [35, Lem. 8.4 ].
Lemma 8.2. If W " W pe 1 q " W pe 2 q is a boundary wall of Z with e 1 , e 2 edges crossing out of Z, then rc e1 s W " rc e2 s W . Remark 8.3. By the lemma above, the color c e pW q is independent of the choice of e, and should be thought as the color of the boundary wall W . Definition 8.4. Let W be a boundary wall of Z with color j in the sense of the previous remark. We say that W is a j-boundary wall of Z, and that P pW q :" W X Z is the portal of W leading to Z. If an edge e dual to W crosses out of Z, then we say that e is dual to P pW q. Let B j Z be the union of all portals leading to Z.
The next lemma is [35, Lem. 8.6 ]. Lemma 8.5. A vertex in Z P V j cannot be incident at distinct edges dual to j-boundary walls.
Definition 8.6. For a wall W in X and c P C k`1 pΓpX qq, let BpW , cq :" W X c´1pr1, jsq be the intersection of W with other walls in X colored ď j by c (j is fixed in this section). Define W split along c by W´c :" W´BpW , cq, and for a vertex x in W , let pW´cqpxq denote the component of W´c containing x. Lemma 8.7 (cf. Lem. 8.10, [35] ). Let W be a j-boundary wall with portal P " Z X W and let e be an edge dual to P with midpoint x 0 . LetP denote the interior of P as a subspace of W . Then the following holds:
(1) The quotient map q : 9
X Ñ X restricts to a universal covering map q|P :P Ñ pW´c e qpx 0 q.
(2) pW´c e qpx 0 q " pW´cqpxq for any other vertex x P P of W and any c P rc e s W .
(3) The group of deck transformations of q|P is K P :" tg P K : gx 0 P P u " Stab K pP q (where K is from Theorem 5.1), hence K P acts cocompactly on P .
If P is a portal leading to pZ, H, pc x qq, let H P denote its set-wise stabilizer in H. Suppose P lies in the wall W and let x P P and h P H be such that hx P P . If x 1 is the vertex closest to x in P , then x 1 is the midpoint of the edge e dual to P with he also dual to P Ă W , implying hx 1 P P , hW " W , and hP " hpZ X W q " Z X W " P . We conclude that h P H P , so the map P {H P Ñ Z{H is an embedding, and also that H P acts properly and cocompactly on P because Z{H is compact.
This last observation and properness of the action of G on 9 X, together with the previous two lemmas, imply that H P X K is finite index in H P for any portal P leading to pZ, H, pc x qq. Thus we can use Lemma 7.5 to modify our set V j .
Corollary 8.8. We can virtually modify V j (in the sense of Lemma 7.5) so that H P ă K for any portal P leading to Z.
Proof. Let P 1 , . . . , P k be a set of representatives of H-orbits for portals of Z, and note that by Lemma 7.5 it is enough to replace H by a finite index normal subgroup H 0 H such that H 0 X H Pi XK " H 0 XH Pi for each i. But each H Pi XK is finite index in H Pi , so we just need each subgroup H Pi X K to be separable in H, which is true by Theorems 2.19 and 1.9 since pH, N pZqq P CMVH and all the subgroups H Pi X K are convex in pH, N pZqq (they preserve the convex subcomplexes N pP i q X N pZq respectively). Definition 8.9. We say that two portals P and P 1 leading to pZ, H, pc x qq, pZ 1 , H 1 , pc 1
xP V j respectively are compatible if there are edges e and e 1 dual to P and P 1 respectively such that re, c e s P G¨re 1 , c 1 e 1 s.
Let P and P 1 be compatible portals as above, say lying in walls W and W 1 . Take g P G and edges e and e 1 dual to P and P 1 such that re, c e s " gre 1 , c 1 e 1 s, and let x 0 and x 1 0 be the midpoints of e and e 1 . So e " ge 1 , W " gW 1 and x 0 " gx 1 0 . At the level of X the action of g translates to gpW 1´c 1 e 1 qpx 1 0 q " pW´gc 1 e 1 qpx 0 q " pW´c e qpx 0 q where we used Lemma 8.7 (2) and the fact that rc e s W " rgc 1 e 1 s W .
Since q restricts to coverings forP andP 1 , we deduce that g restricts to a cube isomorphism P 1 Ñ P which is equivariant with respect to the group isomorphism K P 1 Ñ K P ; k Þ Ñ gkg´1. This induces an isomorphism P 1 {K P 1 " Ý Ñ P {K P .
Lemma 8.10 (cf. Lem. 9.2, [35] ). Portals P and P 1 leading to pZ, H, pc x qq, pZ 1 , H 1 , pc 1 xP V j are compatible if and only if there exists g P G such that tre, c e s : e is dual to P u " g re 1 , c 1 e 1 s : e 1 is dual to P 1 ( .
In particular, compatibility of portals is an equivalence relation.
Following notation of [35] , in the case of P, P 1 and g as above we will say that P is a g-teleport of P 1 . 8.1. The graph of groups pA, Aq. As we saw previously, compatible portals P and P 1 leading to pZ, H, pc x qq, pZ 1 , H 1 , pc 1
xP V j are isomorphic and induce an isomorphism P 1 {K P 1 Ñ P {K P . However, we would like to glue Z 1 {H 1 and Z{H along P 1 {H 1 P 1 and P {H P , which are only isomorphic up to a finite-sheeted cover by Corollary 8.8. If we want isomorphisms g : P 1 {H 1 P 1 Ñ P {H P we need to virtually modify V j again, and for that we will construct a graph of groups.
Definition 8.11. Let pA, Aq be the finite bipartite (and possibly disconnected) graph of groups defined as follows.
‚ Type I vertices of A are triplets pZ, H, pc xP V j with corresponding vertex group H. Here repeated triplets are counted separately. ‚ Type II vertices of A are portals tP i u forming a complete set of representatives for the compatibility classes of portals, with corresponding vertex groups K Pi . ‚ Edges attached to the Type I vertex pZ, H, pc xwill be portals P leading to pZ, H, pc xP V j , such that we choose just one P from each H-orbit of portals (repeated triplets will have the same conjugacy representatives). The edge P will be attached to the Type II vertex in its compatibility class of portals, and its edge group will be H P .
For a portal P leading to pZ, H, pc x qq, the injection of the edge H P into its type I vertex group is just the inclusion H P ãÑ H, while the map into a type II vertex group is the composition
ÝÝÝÝÝ Ñ K Pi , where g P G is so that P i is a g-teleport of P (for the case g : P i Ñ P i we take g " 1, and same portals corresponding to repeated triplets will have the same g).
The next proposition may be thought of as a relative version of the acylindricity of the graph of groups A proven in the absolute case (cf. [1, p1063] and [35, Lem. 8.8] ). The proof is practically the same, the only difference is that we require Proposition 2.16. Proposition 8.12. If pZ, H, pc xis a type I vertex group of pA, Aq, then the collection tH P : P is an edge attached to Zu is relatively malnormal in H. That is, if P 1 and P 2 are edges attached to Z and h P H is so that H P1 X H h P2 contains a loxodromic, then P 1 " P 2 and h P H P1 .
Proof. Assume λ P H P1 X H P2 is a loxodromic element, in which case we claim that P 1 " P 2 . If W 1 and W 2 are the walls containing P 1 and P 2 respectively, then it is enough to prove that W 1 " W 2 , since that implies P 1 " Z X W 1 " Z X W 2 " P 2 .
The element λ acts freely on P 1 and P 2 , so it acts hyperbolically on them, and there exist axes γ i Ă P i Ă W i in which λ acts by non-trivial translation. These axes are asymptotic in Z, thus γ 1 and γ 2 bound a flat strip in Z of width r ě 0. Since λ is loxodromic, by Proposition 2.16 we have r ď δ. Let us assume W 1 ‰ W 2 , so that W 1 ‰ W 2 and dpW 1 , W 2 q ď δ ď R, and get a contradiction by showing that W 1 and W 2 are colored equal by some coloring.
If p is any point in P 1 , then it is contained in a cube C of X and we can find a vertex x P Z incident to an edge dual to P 1 , with dpp, xq ď 1 2 ?
dim C ď 1 2
? dim X. The same is true for P 2 , so there are vertices x 1 , x 2 P Z with each x i being incident at an edge dual to P i so that the geodesic segment α joining x 1 and x 2 has length at most δ`?dim X. By considering the sequence of cubes that α travels through, we can find an edge path β in Z from x 1 to x 2 with β Ă N ? dim X pαq. Let e 1 , . . . , e s be the edges of β, and x 1 " y 1 , y 2 , . . . , y s`1 " x 2 be their vertices, with e i joining y i and y i`1 . Since R ě δ`2 ? dim X (see the beginning of Section 5) we have dpW pe i q, W 1 q ď dpW pe i q, W 1 q ď R for all 1 ď i ď s, and so W pe i q and W 1 are adjacent vertices in ΓpX q. For each 1 ď i ď s, from property (1) of V j we deduce rc yi s ei " rc yi`1 s ei , so c yi pW 1 q " c yi`1 pW 1 q and hence c x1 pW 1 q " c x2 pW 1 q " j, because W 1 and W 2 are j-boundary walls. Thus c x2 is a coloring with c x2 pW 1 q " c x2 pW 2 q, contradicting W 1 ‰ W 2 .
To finish the proposition, let P 1 and P 2 be edges attached to pZ, H, pc xand h P H be such that H P2 X H h P2 " H P1 X H h P2 contains a loxodromic. By our previous claim we obtain P 1 " hP 2 , and since different edges correspond to distinct representatives of H-orbits of portals we must have P 1 " P 2 , implying h P H P1 . Definition 8.13. Let G " G c be the fundamental group of a connected component pA c , A c q of pA, Aq with respect to some vertex w 0 of A c , and fix a maximal subtree T of A c containing w 0 that fixes inclusions of the edge/vertex groups of pA c , A c q into G. Proposition 8.14. Let G e0 be an edge group of pA c , A c q attached to the type II vertex group G v0 , and let a P G v0 zG e0 Ă G. Then there exists a finite index subgroup 9 G e0,a ă G containing G e0 with a R 9 G e0,a .
Proof. The proof is almost the same as the one given for Proposition 4.5, so we just give a sketch of it.
Recall that by Lemma 3.7 each vertex/edge group is convex and strongly peripherally separable in G, so by several applications of Proposition 3.26 we can find finite index subgroups 9 P j ă P j such that the filling φ : G Ñ G " GpN "
φpG v q is hyperbolic and virtually special, and isomorphic to image of the induced filling φ v : G v Ñ G v pN v q for any vertex v of A c (images of type II vertex groups will be virtually special because every type II vertex is a finite index extension of an edge group, which is virtually special by Theorem 1.9, Corollary A.3 and our inductive assumption, see the beginning of Section 5). ‚ The image G e :" φpG e q of the edge group G e of pA c , A c q with terminal vertex of type I is naturally isomorphic to the image of the filling φ e : G e Ñ G e pN e q induced by both φ and φ tpeq (that is, ker φ e " ker φ tpeq X G e " ker φ X G e ). ‚ The collection of images under φ of groups in G e : e attached to v ( is almost malnormal in G v for any type I vertex v of A c . ‚ φpaq R G e0 .
We then consider the graph of groups pA c , A c q with the same underlying graph A c , and A c assigning the group G x to each vertex/edge x of A c , and with attaching maps induced by φ and the attaching maps of pA c , A c q (every attaching map of pA c , A c q is composition of inclusions and conjugations in G). Let G " π 1 pA c , A c , w 0 q and choose embeddings of edge/vertex groups according to the same maximal subtree T of A c .
The homomorphism φ restricted to each edge/vertex group induces a homomorphism Φ : G Ñ G such that Φpxq " φ v pxq for any vertex v of A c and for any x P G v , and since the splitting pA c , A c q of G satisfies the assumptions of Lemma 4.7 (2), G is hyperbolic and G e0 is quasiconvex in G. Then Theorem 2.22 implies that G is virtually special, and since Φpaq " φpaq R G e0 " ΦpG e0 q, Theorem 2.19 gives us the separability of ΦpG e0 q in G, and hence the existence of 9 G a,e0 .
Corollary 8.15. There is a finite index subgroup N c G c such that if G e ă G c is an edge group attached to (hence contained in) the type II vertex group G v ă G c , then
Proof. Recall that an edge group G e is finite index in the type II vertex group G v it is attached. So, for each edge e let S e Ă G v zG e be any finite set of representatives of non-trivial left cosets of G e in G v . By Proposition 8.14, for each a P S e there is a finite index subgroup 9 G a,e0 ă G c separating G e from a, and so the intersection of the finitely many conjugates of 9 G a,e0 in G c is a finite index normal subgroup, that we denote N e,a . The group N :" Ş ePEpAcq Ş aPSv N e,a satisfies the required equalities. 9 . Constructing V j´1 from V j Finally we can start the construction of V j´1 , which implies Theorem 1.10.
Let pA c , A c q be a component of pA, Aq with fundamental group G c , and let N c G c be given by Corollary 8.15 . For each type I vertex group H of pA c , A c q, defineĤ :" N c X H H and see these groups as subgroups of G. After doing this for each connected component pA c , A c q of pA, Aq we obtain a finite index subgroup of H for each pZ, H, pc xP V j and so Lemma 7.5 gives us a virtual modificationV j of V j with triplets pZ,Ĥ, pc x qq.
We will useV j to construct a (possibly disconnected) graph of spaces pS, Sq. As before, let tP i u be the set of type II vertices of A, and for each pZ,Ĥ, pc xPV j choose a set B Z of representatives of portals leading to Z, with exactly one portal P for eachĤ-orbit of translates of portals (with same representatives for repeated triplets). Set B :" Ů ZPVj B Z , and choose the representatives of portals in such a way that each edge of A lies in B.
As in [35, Def. 9.11] , the size of an edge P of A is defined by szpP q :" | tH P¨e : e is an edge dual to P u |,
where P leads to pZ, H, pc xP V j . Similarly, for P P B leading to pZ,Ĥ, pc xPV j , define the size of P asŝ zpP q :" | !Ĥ P¨e : e is an edge dual to P ) |,
whereĤ P :"Ĥ X H P is the stabilizer of P inĤ . Note thatŝzpP q " |H P :Ĥ P |szpP q for any edge P of A attached to pZ, H, pc x qq. Also, by equation (6),ŝzpP q "ŝzpP 1 q whenever P, P 1 P B are compatible portals.
If P is a portal leading to Z and contained in the wall W , with Z in either V j orV j , and P i is a g-teleport that is a type II vertex group of A, we say that P is a Pì -portal if gZ X W`‰ H, and a Pí -portal if gZ X W´‰ H. For Z P V j define A Z pP i ,˘q as the set of Pȋ -portals P leading to Z which are an edge of A, and let ApP i ,˘q :" Ů ZPVj A Z pP i ,˘q. The sets B Z pP i ,˘q for Z PV j and BpP i ,˘q are defined similarly.
Before defining pS, Sq we need some combinatorial results, the first one contained in [35, Lem. 9.13] . The same is true for the Pí -portals, and so the conclusion follows by Lemma 9.1.
Definition 9.3. Let pS, Sq be the graph of spaces defined as follows.
‚ The vertices of S will be the triplets pZ,Ĥ, pc xPV j , with corresponding vertex spaces Z{Ĥ. ‚ If P i is a type II vertex of A, by Corollary 9.2 there exists a perfect matching between BpP i ,`q and BpP i ,´q. If p :" pP, P 1 q is an oriented pair given by this matching with P and P 1 leading to pZ,Ĥ, pc xand pZ 1 ,Ĥ 1 , pc 1 xrespectively, then P is a g p -teleport of P 1 for some fixed g p P G, and there are embeddings
where P 1 {Ĥ 1 P 1 gp Ý Ñ P {Ĥ P is an isomorphism for g P chosen appropriately, due to Corollary 8.15. ‚ The edges of S are oriented pairings p :" pĤ P ,Ĥ 1 P 1 q attached to Z and Z 1 as above, with edge spaces P 1 {Ĥ 1 P 1 and attaching maps given by (7) . For the reverse pairing p " pP 1 , P q, the attaching maps are constructed in the same way with g p " g´1 p .
Consider a component pS c , S c q of pS, Sq, with underlying space T c obtained by gluing vertex spaces along images of attaching maps. We want to construct an embedding r T c ãÑ 9 X of the universal cover of T c into 9
X.
First of all, fix a base-point x P Z for each pZ,Ĥ, pc xPV j . If Z{Ĥ and Z 1 {Ĥ 1 are vertex spaces joined by the oriented edge p " pP, P 1 q then, up to homotopy, there exists a unique path α p in Z Y g p Z 1 from x to g p x (this is because Z Y g p Z 1 is simply-connected). Let β p be the projection of α p into T c via Z Ñ Z{Ĥ and Z 1 Ñ Z 1 {Ĥ 1 . We can choose our paths so that β p is the reverse path of β p . Also, for each pZ,Ĥ, pc xand h PĤ let γ h be a loop in Z{Ĥ lifting to a path from x to hx.
Fix a base vertex pZ 0 ,Ĥ 0 , pc x q 0 q of S c , and for p 1 , . . . , p n edges in S c forming a path through vertex spaces
and h i PĤ i for i " 0, 1, . . . , n, consider the concatenation (8) γ " γ h0¨βp1¨γhn´1¨¨¨βpn¨γhn , which gives a path in T c . Note that every path in T between (projections of) base-points of vertex spaces and starting in Z 0 {Ĥ 0 is homotopic to a path in this form. For each such γ, we define gpγq " h 0 g p1 h 1¨¨¨gpn h n , and we take r T c Ă 9 X to be the union of all the possible G-translates gpγqZ n . The covering map µ : r T c Ñ T c restricts to gpγqZ n by
The next lemma is [35, Lem. 9.17 & Lem. 9.20] .
Lemma 9.4. µ : r T c Ñ T c is a universal covering map and r T c Ă 9 X is a non-empty intersection of half-spaces.
For a loop γ as in (8) and gpβqZ in r T c , we have that gpγqgpβq " gpγ¨βq, hence gpγqgpβqZ " gpγ¨βqZ Ă r T c . This holds for all translates gpβqZ in r T c , thus gpγq r T c " r T c and µ˝gpγq " µ.
Define
HpT c q :" tgpγq : γ is a loop of form (8)u ă G.
Since gpγqgpβq " gpγ¨βq for any loop γ and path β, HpT c q is a subgroup of G preserving r T c . Moreover, µ˝gpγq " µ for every gpγq P HpT c q, so HpT c q is a subgroup of the group of Deck transformations of µ. In addition, by construction the orbit of the base-point x 0 of Z 0 is HpT c qµ´11pµpx 0 qq, implying that HpT c qπ 1 pT c q is the full group of Deck transformations of µ, and hence it acts freely and cocompactly on r T c .
Finally, if x P Z is any vertex with pZ,Ĥ, pc xPV j and γ is as in (8), then we endow gpγqx with the coloring c Tc gpγqx :" gpγqc x . It is evident that HpT c q preserves these colorings. Proof. For properties (1) and (2), the proof is the same as in [35, p34] so it will be omitted.
To show property (3), first note that by Lemma 2.25 each subgroup HpT c q is convex in G with convex core N p r T c q so it is also hyperbolic relative to compatible virtually special subgroups by Lemma 7.1. In addition, since any edge space embedding into a vertex space of pS c , S c q is π 1injective, by Van Kampen's theorem there is an induced splitting pS c , U c q of HpT c qπ 1 pT c q with vertex groupsĤ for pZ,Ĥ, pc xPV j , and with edge groups of the formĤ P -Ĥ 1 P 1 for each edge p " pP, P 1 q with P, P 1 leading to pZ,Ĥ, pc xand pZ 1 ,Ĥ 1 , pc 1
xrespectively. By assumption and Lemma 7.6 each cubulated vertex group pĤ, N pZqq of pS c , U c q is in CMVH, and by construction N pZq is the G-translate of a convex subcomplex of N p r T c q. The same is true for the embedding of an edge group into HpT c q since it acts cocompactly on a translate of the cubical neighborhood N pP q of a portal P , that is a convex subcomplex of N p r T c q. This implies that each vertex/edge group is convex in pHpT c q, N p r T c qq. Finally note that the conclusion of Proposition 8.12 holds also for vertex groups in pS c , U c q, and hence the collection of embeddings of edge groups into a vertex group of pS c , U c q is relatively malnormal. Therefore pHpT c q, N p r T cP CMVH.
For property (4) , note that since each T c is obtained by gluing quotients Z{Ĥ for pZ,Ĥ, pc xPV j , with each triplet being used in exactly one component T c (repeated triplets are counted separately), there is a canonical bijection Λ from the set of vertices of Ů pZ,Ĥ,pcxqqPVj Z{Ĥ onto the set of vertices of Ť c T c , where c runs among the components of pS, Sq (here by vertex we mean an image of a vertex of 9 X contained in some Z). Also, any vertex of some r T c takes the form r x " gpγqx for some path γ as in (8) and some vertex x P pZ,Ĥ, pc xPV j . Since by definition c Tc r x " gpγqc x , Λ restricts to a bijection from Vj pe, cq onto Vj´1pe, cq for any equivalence class re, cs with e an edge and c a coloring. Since V j satisfies the gluing equations, then V j´1 also does.
Appendix A. Functoriality of the canonical completion
This appendix is devoted to proving the following theorem, which generalizes one of the implications of Theorem 2.20.
Theorem A.1. Let pG, Xq be a cubulated virtually special group. Then for any pair H, K ă G of convex subgroups, the double coset HK is separable in G.
By using the fact that gKg´1 ă G is convex whenever K ă G is convex and g P G, we deduce:
Let pG, Xq, H and K be as in the previous Theorem. Then for any g P G the double coset HgK is separable in G.
Recall that 9
X denotes the cubical barycentric subdivision of the CATp0q cube complex X.
Corollary A.3. Let pG, Xq be a cubulated group. Then pG, Xq is virtually special if and only if pG, 9
Xq is virtually special.
Proof. If W 1 is a wall of 9 X, then G W 1 is a finite index subgroup of G W for some wall W of X, hence a convex subgroup of pG, Xq. Therefore, by Theorems 2.19, A.1, and 2.20, if pG, Xq is virtually special then pG, 9
Xq is virtually special. The converse follows by a similar argument.
To prove Theorem A.1, we will make use of the properties of the canonical completion and retraction introduced by Haglund and Wise [20, Sec. 6] , so we first proceed recalling this construction.
Definition A.4. Let f : A Ñ B be a local isometry of NPC special cube complexes, and assume that B is fully clean in the sense of [20, Def. 6.1] and has simplicial 1-skeleton. Then there exists a covering map p : CpA, Bq Ñ B (of finite degree if A is finite), an injection j : A Ñ CpA, Bq and a cellular map r : CpA, Bq Ñ A such that rj " 1 A and pj " f . The covering is defined as follows:
The 0-skeleton of CpA, Bq is A p0qˆBp0q with jpaq " pa, f paqq for a P A p0q , and r : A p0qˆBp0q Ñ A p0q and p : A p0qˆBp0q Ñ B p0q being the projections to the first and second coordinate, respectively. of A with f peq and tb, b 1 u dual to the same wall (note that tpa 1 .bq, pa, b 1 qu is also a diagonal edge).
It follows from this definition that if ta, a 1 u is an edge of A, then jpta, a 1 uq " tpa, f paqq, pa 1 , f pa 1 qqu is a diagonal edge of CpA, Bq. Also, for an edge e " tpa, bq, pa, b 1 qu as above, we define ppeq " tb, b 1 u and rpeq " a if a " a 1 and e is horizontal, and rpeq " ta, a 1 u if e is diagonal. Clearly we have rj " 1 A and pj " f at the level of 1-skeletons, and full cleanliness implies that p is a covering map from CpA, Bq p1q into B p1q . It can be proven the any lifting of the 1-skeleton of a square of B is a closed 4-circuit, so the 2-skeleton of CpA, Bq is constructed in such a way that the boundaries of squares coincide with liftings of boundaries of squares of B. The maps p and j then naturally extend to the 2-skeleton, and since any wall of the 2-skeleton of CpA, Bq only consists of either horizontal or diagonal edges, we can extend r to this 2-skeleton by mapping a square Q Ă CpA, Bq either to a square (if the walls dual to Q are both diagonal), to an edge (if one wall dual to Q is diagonal and the other one is horizontal, then collapse the horizontal edge to a point), or to a point (if both walls dual to Q are horizontal).
There is a unique way to complete this 2-skeleton to produce a non-positively curved cube complex CpA, Bq [20, Lem. 3.13] , for which we can naturally extend j, r and p to maps satisfying the desired commuting properties (see [20, Cor. 6.7] ). We call CpA, Bq the canonical completion of f : A Ñ B with (canonical ) inclusion j and (canonical ) retraction r.
Remark A.5. In general, CpA, Bq may be a disconnected covering of B. Also, from the construction above, it follows that if e is an edge of A and e 1 is an edge of CpA, Bq dual to the wall W pjpeqq, then e 1 is diagonal and rpeq is dual to the wall W pe 1 q Ă A. It is not hard to see that j maps distinct walls of A to distinct walls of CpA, Bq.
To produce separable double cosets from the canonical completion, we will use the following separability criterion [20, Lem. 9.3]:
Proposition A.6. Let G be a residually finite group, and let ρ : G Ñ G be a retraction homomorphism with H " ρpGq. Then H ă G is a separable subgroup, and if K ă G is separable with ρpKq Ă K, then the double coset HK is separable in G.
Our first lemma is just a generalization of [20, Prop. 9.7], following exactly the same proof.
Lemma A.7. If pG, Xq is a virtually special group, H ă pG, Xq is a convex subgroup and W Ă X is a wall, then HG W Ă G is separable.
Proof. By using Lemma 2.15 we can find a convex core Y Ă X for H such that Y XW is non-empty, and let a be an edge of Y dual to W and incident at the vertex y P Y . Since G is residually finite, by Lemma 2.9 there is a finite index subgroupĜ ă G acting freely on X such that X :" X{Ĝ is fully clean and special with simplicial 1-skeleton, and such that the projection X Ñ X maps squares to squares [20, Rmk. 6.8] . In that case, ifĤ " H XĜ, then Y " Y {Ĥ is compact and the composition f : Y Ñ Y {Ĝ Ñ X is a local isometry. We can also assume that pW X Y q{pĤ W Ñ Y and W {Ĝ W Ñ X{Ĝ embed as walls, that we denote respectively by W a and W f paq , with a being the image of a under the projection Y Ñ Y . Let p : CpY , Xq Ñ X be the canonical completion induced by f , with retraction r and inclusion map j.
Let N f paq Ă X denote the cubical neighborhood of W f paq , which is lifted by p to the cubical neighborhood N jpaq of the wall W jpaq Ă CpY , Xq dual to jpaq. By Remark A.5, r maps any edge of CpY , Xq dual to W jpaq to an edge dual to W a Ă Y . In particular, since r maps cubes to cubes (possibly of lower dimension), we have rpN jpaĂ N a , where N a is the cubical neighborhood of W a . On the other hand, since X Ñ X maps squares to squares, j and f also map squares to squares, and in fact we have N jpaq " N a . Therefore, if y P Y denotes the projection of y, there is a commutative diagram 
We conclude that HG W is finite union of translates ofĤ r G W , so it is also separable in G.
Corollary A.8. Let pG, Xq be a virtually special group, and let H ă G be a convex subgroup with convex core Y Ă X. Then there exists a finite index subgroup G 1 ă G such that for any wall W Ă X intersecting Y :
(1) If g P G 1 satisfies gN pW q X Y ‰ H, then in fact gW X Y ‰ H.
(2) If W 1 is another wall of X intersecting Y and g P G 1 is such that W 1 " gW , then in fact
Remark A.9. When we project to the corresponding quotients, conclusion (1) of the corollary above may be thought as a version of no inter-osculation for a wall and a locally convex subcomplex of a compact special cube complex.
Proof. The proof closely follows the idea of [20, Lem. 9.14] . Let W 1 , . . . , W n be a complete set of representatives of H-orbits of walls intersecting Y , and for each i define the sets
These sets are clearly pH, G Wi q-invariant, and also IpG, Y, iq Ă JpG, Y, iq, so there are subsets
Ů gPJi HgG Wi . Let us prove first that each of the sets J i is finite. Fix 1 ď i ď n, and consider finite sets D i Ă N pW i q p0q and E Ă Y p0q such that N pW i q p0q " G Wi¨D and Y p0q " H¨E. Given g P G such that gN pW i q X Y is non-empty, there is a vertex v of N pW i q with gv P Y , and so there are group elements w P G Wi and h P H satisfying wv P D i and hgv P E. In particular, since the action of G on X is proper, the composition hgw´1 lies in the finite set F i of group elements g 1 P G such that g 1 D i X E ‰ H, and hence we can choose J i Ă F i .
Next, note that since by assumption W i XY ‰ H, we have HG Wi Ă IpG, Y, iq, so we may assume 1 P I i . The finite set J i z1 is then disjoint from HG Wi which is separable in G by Lemma A.7. Therefore, there exists a finite index normal subgroupĜ i G such that p Ť gPJizt1u gĜ i q X HG Wi " H. We claim that (any finite index subgroup of)Ĝ :" Ş iĜ i satisfies conclusion (1) . Indeed, let W Ă X be a wall intersecting Y , and let 1 ď i ď n and h P H such that W " hW i . Assume by contradiction that there is some g PĜ such that gN pW q X Y ‰ H but gW X Y " H. SinceĜ is normal, this implies h´1gh PĜ X JpG, Y, iqzIpG, Y, iq ĂĜ i X JpG, Y, iqzIpG, Y, iq, and hence h´1gh " vg i w, for v P H, g i P J i zI i and w P G Wi . This is a contradiction, because otherwise we would have g i ppwh´1qg´1pwh´1q´1q " v´1w´1 P g iĜi X HG Wi , and so conclusion (1) follows.
For conclusion (2), since pG, Xq is virtually special we can assume that X{Ĝ is special, fully clean, and with simplicial 1-skeleton, so that the composition f : Y {pH XĜq Ñ X{pH XĜq Ñ X{Ĝ is a local isometry. But pH, Y q is also virtually special, so by using Lemma 2.9 (1) and by a similar argument as in the proof of Theorem 5.1, we can find a finite index subgroup H 1 ă H such that for any further finite index subgroup H 2 ă H 1 the quotient map q : Y Ñ Y {H 1 satisfies:
(a) for any wall W Ă X intersecting Y the map pW X Y q{pH 2 X G W q Ñ Y {H 2 is an embedding and the image is a wall of Y {H 2 , and (b) for any two walls W 1 , W 2 Ă X intersecting Y , if qpW 1 X Y q " qpW 2 X Y q then W 1 X Y " h 1 pW 2 X Y q for some h 1 P H 2 .
The group H 1 ă G is convex, hence separable by Theorem 2.19, so by a separability argument we may assume that H 1 XĜ " H XĜ. With this in mind, let C be the connected component of CpY {pH XĜq, X{Ĝq including Y {pH XĜq, and let G 1 ăĜ correspond to its fundamental group, which is finite index in G since Y {pH XĜq is compact. Also, we have H XĜ ă G 1 , and so H X G 1 " H XĜ. Since the inclusion of Y {pH X G 1 q into C maps distinct walls to distinct walls (see Remark A.5), the conditions (a) and (b) above imply that the group G 1 satisfies conclusion (2) .
The key idea in the proof of Theorem A.1 is based on the following proposition, which says that under some mild assumptions, the canonical completion is functorial.
Proposition A.10. Let V , X, Y , Z be special cube complexes such that the following is a commutative diagram of local isometries.
In addition, assume that (i) X and Y are fully clean and have simplicial 1-skeleton.
(ii) t maps distinct walls to distinct walls. (iii) If e is an edge of X incident at a vertex tpyq of tpY q with e dual to a wall intersecting tpY q, then e " tpe 1 q for some edge e 1 of Y incident at y. (iv) For every vertex v P V , if there exist edges e of Y and e 1 of Z incident at f pvq and spvq respectively and such that tpeq " gpe 1 q, then there is a vertex e 2 of V incident at v and such that e " f pe 2 q and e 1 " spe 2 q.
Then there is a local isometryt : CpV , Y q Ñ CpZ, Xq of the canonical completions commuting with the corresponding inclusions and projections in the sense that the following diagrams commute. Remark A.11. As we will see below, the conditions (i) (ii) and (iii) in the previous proposition can be obtained for a general commutative diagram of local isometries between compact special cube complexes after passing to finite coverings. Condition (iv) may be achieved, if for instance, the universal cover of V coincides with the intersection of the universal covers of Y and Z, when we see these complexes naturally embedded in the universal cover of X.
Proof. We first construct the mapt for lower dimensional cubes of CpV , Y q, starting with the 0skeleton where we definet : V p0qˆY p0q Ñ Z p0qˆX p0q by pv, yq Þ Ñ pspvq, tpyqq. In this way,t clearly satisfies (10) . For the 1-skeleton, we will check that the image undert of a pair vertices of CpV , Y q representing a horizontal (resp. diagonal) edge is a pair of vertices representing a horizontal (resp. diagonal) edge of CpY , Xq. Let e " tpv, yq, pv, y 1 qu be a horizontal edge of CpV , Y q, for which we claim that the pair tpspvq, tpyqq, pspvq, tpy 1 qqu represents a horizontal edge. Assume by contradiction that there exists an edge b of Z incident at spvq, with gpbq dual to the wall W pttpyq, tpy 1 quq Ă X (note that ttpyq, tpy 1 qu is an edge since X has simplicial 1-skeleton and t is local isometry). This edge gpbq is incident at gpspvqq " tpf pvqq, so by condition (iii), gpbq equals tpb 1 q for an edge b 1 incident at f pvq. Condition (ii) then implies that b 1 is dual to the wall W pty, y 1 uq Ă Y , and condition (iv)
gives us an edge b 2 of V incident at v with f pb 2 q " b 1 . But this would imply that e is not horizontal, and this contradiction proves the claim. The case of e " tpv, yq, pv 1 , y 1 qu diagonal is easier since by condition (ii), t maps walls to walls, and hence gptspvq, spv 1 quq is dual to W pttpyq, tpy 1 quq. Therefore, the image of a horizontal/diagonal edge of CpV , Y q is defined as the expected horizontal/diagonal edge of CpZ, Xq, and since the image of an edge under r or r 1 only depends on whether the edge is horizontal or vertical,t also satisfies (10) at the level of 1-skeleton. Now, let Q be a square of CpV , Y q, say with 1-skeleton determined by the vertices tpv i , y i qu 4 i"1 . By definition, this means that ppQq is also a square with 0-skeleton ty i u 4
i"1 , and by condition (i) the vertices ttpy i qu 4 i"1 are the 0-skeleton of the square tpppQqq of X. Since CpZ, Xq is a covering, these vertices lifts under p 1 to the set tpspv i q, tpy i qqu 4
i"1 that is the 0-skeleton a square Q 1 , that we define as the image of Q undert. Again, since the image of a square under a retraction only depends on whether its 1-skeleton consists of horizontal/diagonal edges, the diagrams (10) still commute.
Finally, by [20, Lem. 2.5] there is a unique way to extendt to a combinatorial map CpV , Y q Ñ CpZ, Xq, which is clearly a local isometry. Also, since the maps r, r 1 , p and p 1 restricted to a higher dimensional cube depend only on its 2-skeleton, by uniqueness oft it must satisfy (10) .
Remark A.12. In the proof of Theorem A.1 below, we will be interested in the commutative diagrams of fundamental groups induced by (10), so we will only require these diagrams to commute at the level of 2-skeletons.
Proof of Theorem A.1. Let us use Lemma 2.15 to find convex cores Y and Z for H and K respectively, such that V " Y X Z is non-empty. By Lemma 2.14 this will imply that V is a convex core for H X K. We will prove first that there exists a finite index subgroupĜ ă G such that if H " H XĜ andK " K XĜ, then after defining V " V {pĤ XKq, X " X{Ĝ, Y " Y {Ĥ and Z " Z{K, the induced diagram (9) is of local isometries and satisfies the conditions (i)-(iv) of Proposition A.10.
By Remark A.5 we can findĜ ă G of finite index such that condition (i) holds, and by possibly replacingĜ by a further finite index subgroup satisfying Corollary A.8, we can ensure thatĜ also satisfies (ii). To prove condition (iii), let e be an edge of X incident at tpyq for a vertex y P Y , and let r e Ă X be a lifting of e incident at the lifting r y P Y of y. If e is dual to the wall W ptpbqq Ă X for some edge b Ă Y , then there exists a lifting r b Ă Y of b and some g PĜ such that W pr eq " gW p r bq. Since r y P Y , we have W p r bq X Y ‰ H and gN pW p r bqq X Y ‰ H, so by conclusion (1) of Corollary A.8 we have W pr eq X Y ‰ H and r e Ă Y , implying condition (iii). Finally, let v P V be a vertex lifting to r v P V , and let r e and r e 1 be edges of Y and Z respectively, incident at r v and such that there exists some g PĜ with gr e " r e 1 . Since the action ofĜ is free, we have g " 1 and r e " r e 1 P V . Projecting to the corresponding quotients we deduce (iv).
Therefore, we are in the assumptions of Proposition A.10, and there is a local isometryt : CpV , Y q Ñ CpZ, Xq such that the diagrams (10) commute. The proof now goes as in Lemma A.7. If H 1 ăĤ and G 1 ăĜ are the finite index subgroups representing the fundamental groups of the (appropriate connected components of the) canonical completions CpV , Y q and CpZ, Xq respectively, then H 1 ă G 1 and there is a retraction homomorphism r˚: G 1 Ñ G 1 with imageK and such that r˚pH 1 q "Ĥ XK. Again, we can check that r H :" H 1 X r´1 pH 1 q satisfies r˚p r Hq Ă r H, and so Proposition A.6 implies that r HK is separable in G 1 . Since G 1 ă G, r H ă H andK ă K are all of finite index, we conclude that HK is separable in G, completing the proof.
We now see how Theorem A.1 implies Proposition 2.24. In fact, by Lemma 2.15 and [20, Cor. 7.8], Proposition 2.24 follows from the next proposition.
Proposition A.13. Let pG, Xq be a cubulated group, and let Y Ă X be a G-invariant convex subcomplex. If the cubulated group pG, Y q is virtually special, then pG, Xq is also virtually special.
Before proving this result, we first recall the definition of gate map projection [5, Sec. 2] .
Definition A.14. Let X be a CAT(0) cube complex, and consider a convex subcomplex Y Ă X. The gate map is defined as the unique cubical map g : X Ñ Y characterized by the following property: for any point x P X, the wall W Ă X separates x from gpxq if and only if it separates x from Y . The next lemma is well known by experts and is implicit, for instance, in [5] , so we provide a proof in the absence of a precise reference.
Lemma A.15. Let pG, Xq be a cubulated group and let Y Ă X be a G-invariant convex subcomplex. Then for any convex subcomplex K Ă X, its image gpKq Ă Y is also a convex subcomplex. Moreover, if H ă G preserves K and acts cocompactly on it, then it also acts cocompactly on gpKq.
Proof. For the first assertion, it is enough to prove that if x, y P X are vertices and β is a combinatorial geodesic path joining gpxq and gpyq, then β " gpαq, for some geodesic α joining x and y. We will prove this by induction on the sum of combinatorial distances d " dpx, gpxqq`dpy, gpyqq, where the case d " 0 holds since Y is convex. So, assume that the claim follows for d ě 0, and let x, y P X be vertices with dpx, gpxqq`dpy, gpyqq " d`1, for which we can assume dpx, gpxqq ą 0. Thus, let γ be a combinatorial geodesic joining x and gpxq, and u be the vertex on this geodesic at distance 1 to x. Except for the wall dual to the edge e determined by x and u, any other wall dual to an edge of γ separates u and gpxq, so gpuq " gpxq, and by our inductive assumption there is a geodesic α 1 joining u and y, such that gpα 1 q " β.
If e separates x from y, the concatenation of e and α 1 defines a geodesic α projecting to β. Otherwise, there is an edge e 1 of α 1 dual to W peq, say determined by the vertices p and q with p between u and q. In this case, the segment α 2 of α 1 between u and p lies in one of the sides of N pW peqq which we know is a convex subcomplex, so every vertex of α 2 lies in an edge dual to W peq. If we follow the extreme points of these edges lying on the other side of N pW peqq, we will obtain a geodesic path joining x and q. By concatenating this path with the segment of α between q and y, we will obtain a geodesic path α (there is no repetition in the walls dual to α), and it is easy to see that gpαq " β.
The second assertion follows easily since Y is G-invariant, and since gpKq{H is the image of the compact set K{H under the induced projection g : X{G Ñ Y {H.
Proof of Proposition A.13. Let W 1 , W 2 Ă X be walls with stabilizers G 1 and G 2 , respectively. By Theorem 2.20, to prove the proposition it is enough to show that G 1 and G 1 G 2 are separable in G. Consider then the gate map g : X Ñ Y and the projections gpN pW 1and gpN pW 2 qq, which by Lemma A.15 are convex subcomplexes of Y . This same lemma also implies that each subgroup G i acts cocompactly on gpN pW i qq, and so G 1 and G 2 are convex subgroups of pG, Y q, which by assumption is virtually special. The conclusion then follows by Theorems 2.19 and A.1.
